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CHAPTER-1 

PRELIMINARIES 
 

1.1 INTRODUCTION: 

The fractional calculus is a generalization of integer order 

differentiation to non-integer cases. In other words, the fractional calculus 

operators deal with integrals and derivatives of arbitrary (i.e. real or complex) 

order. The name “fractional calculus” is a contradiction; the designation, 

“integration and differentiation of arbitrary order” is more fit. The traditional 

calculus was independently revealed in the seventeenth century by Sir I.  

Newton and G. W. Leibnitz. The question raised to Leibnitz by L’Hospital 

about the reality of fractional derivative of order half was a continuing topic 

amongst mathematicians for more than three hundred years, hence numerous 

aspects of fractional calculus were established and considered. Fractional 

calculus can be well-thought-out as a union of special functions and integral 

transforms. The special functions of mathematical physics can be considered 

as generalized fractional integrals or derivatives of basic elementary functions 

𝑥𝑡, 𝑒𝑥etc. Also, numerous generalized Laplace-type integral transforms can 

be seen as transformation operators (which are fractional integrals) of the 

Laplace transform. Special roles in the applications of fractional calculus 

operators are played by the transcendental functions like the Mittag-Leffler 

function, M-series, 𝑘2-function,𝑘4-function, Miller-Ross function, Wright’s 

functions, and more generally Meijer’s G-functions, Fox’s H-functions, 

Saxena’s I-function, and Südland, Baumann, and Nonnenmacher’s ℵ −aleph 

function. 
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Throughout the last decade applied mathematicians and physicists 

found the fractional calculus operators to be valuable in a variety of fields such 

as biology, chemistry, scattering theory, probability theory, control theory, 

potential theory, signal processing, image processing, diffusion theory, kinetic 

theory, heat transfer, and circuit theory, etc. The fractional calculus operators 

also occur extensively in technical problems associated with transmission 

lines and the theory of compressional shock waves. 

The first precise use of a derivative of non-integer order is due to the 

French mathematician S. F. Lacroix [149] in 1819 who expressed the 

derivative of non-integer order ½ in terms of Legendre’s factorial symbol .  

Γ(𝛽) = ∫ 𝑡𝛽−1𝑒−𝑡𝑑𝑡

∞

0

 

Starting, with a function 𝑦 = 𝑥𝑝, Lacroix expressed it as follows 

𝑑𝑛𝑦

𝑑𝑥𝑛
=

𝑝!

(𝑝 − 𝑛)!
𝑥𝑝−𝑛 =

Γ(𝑝 + 1)

Γ(𝑝 − 𝑛 + 1)
𝑥𝑝−𝑛 

Replacing with 
1

2
 and putting 𝑝 = 1, he obtained the derivative of order 

1

2
 of the function 𝑥. 

𝑑1 2⁄ 𝑦

𝑑𝑥1 2⁄
=

Γ(2)

Γ(3/2)
𝑥1 2⁄ =

2

√𝜋
√𝑥 

In 1822, J. B. J. Fourier made the following integral representation  
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𝑑𝑢𝑓(𝑥)

𝑑𝑥𝑢
=

1

2𝜋
∫ 𝑓(𝛼)𝑑𝛼

+∞

−∞

∫ 𝑝𝑢

+∞

−∞

𝑐𝑜𝑠 (𝑝𝑥 − 𝑝𝛼 +
𝑢𝜋

2
) 𝑑𝑝 

where the number 𝑢 was regarded as any quantity so forth, positive or 

negative. 

The recognition of the first application of fractional calculus goes to 

Abel [2] who worked it in the solution of an integral equation which appeared 

in the formulation of the tautochrone problem of finding the shape of a 

frictionless wire lying in a vertical plane such that the time of slide of a bead 

placed on the wire to the lowest point of the wire is the same regardless of the 

position of the bead on the wire.  

Abel’s [2] solutions involved a group of mathematicians and scientists 

in this branch of knowledge and the first logical definition of fractional 

derivative was given by Riemann−Liouville. Afterward, numerous attempts 

were made to define diverse forms of fractional integral and derivatives. Some 

of the important contributions are made by Weyl [325], Erdelyi [66], and 

Kober [142]. Alternatively, numerous applications of the calculus of fractional 

order were required by various mathematicians, engineers, and scientists. The 

efforts were so worthwhile that the subject of fractional calculus itself was 

considered applicable mathematics.     

1.2 Historical Development and Review of Work 

Already Done: 

Fractional calculus like many other mathematical disciplines and 

concepts has its origin in the motivation for the extension of meaning.  One 

cannot study fractional calculus without provident the names of most of the 

great mathematicians of the world and feeling honored for their successes and 
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some sense of the most important development, during the past four centuries 

and twenty years. 

The Seventeenth Century:  

The notation 𝑑𝑛𝑦 𝑑𝑥𝑛⁄  for nth derivative was presented by Gottfried 

Wilhelm Leibnitz [155] during the budding period of calculus. In 1695, while 

answering a query of a French mathematician Guillaume died at L’ Hospital 

regarding the possibility of n being a fraction, he answered that this deceptive 

paradox would one day be tackled and consequent developments would be 

amazing. In 1697, 

Gottfried Wilhelm Leibnitz used the notation 𝑑1/2 while referring to 

Wallis's infinite product for 𝜋/2 and detailed that differential calculus might 

have been used to achieve the same result. 

The Eighteenth Century: 

In 1730 Euler cited interpolation between integral orders of a derivative. 

Lagrange [150] underwrote by introducing the law of exponents for operators 

of integers order. Afterward, when the theory of fractional calculus began to 

take shape, it became significant to as certain that this law held correct for an 

arbitrary order derivative.    

The Nineteenth Century: 

 The nineteenth century is considered the golden age of fractional 

calculus. Many prominent mathematicians developed this theory in this era. 

The first major study of fractional calculus began in 1832 when Liouville 

[158] considered 
𝑑1/2

𝑑𝑥1/2
 (𝑒2𝑥 ) and solved some problems in mechanics and 

geometry by the use of fractional operators. Riemann [244] in 1847 
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considered
𝑑1/2

𝑑𝑥1/2
 (𝑒2𝑥 ) Iandisolvedisomeiproblemsiinimechanicsiandigeomet

ryibyitheiuseiofifractionalioperators.iRiemanni[244]iini1847idefinedifractio

naliintegrationibyiaigeneralizationiofiaiTayloriseriesiexpansioniandicontribu

teditheifollowingidefinitioniforifractionaliintegration. 

𝑑−𝑝

𝑑𝑥−𝑝
𝑢(𝑥) =

1

Γ(p)
∫(𝑥 − 𝑘)𝑝−1

𝑥

𝑐

𝑢(𝑘)𝑑𝑘 

Heialsoiaddediaicomplementaryifunctioniinitheiaboveidefinition.n 

owadays, ithisidefinitioniisiinicommoniuseiasiaidefinitionifor 

fractionaliintegrationibutitheicomplementaryifunctioniisitakenitoibeiid

enticallyizeroiwithitheilowerilimitiofiintegrationicireplacedibyizero. 

Neverthelessiini1848iaifamousimathematicianiHargreavei[95]igeneral

izediLeibnitz’siruleiforitheinthiderivativeiofiaiproductitoi𝛽𝑡ℎderivative,i𝛽ibei

ngiarbitrary.iIni1868iLetnikovi[156]isolvedicertainidifferentialiequationsiby

itheitheoryiofifractionalicalculusiandialsoidiscusseditheieffortiofiLiouville,i

Peacock,iandiKelland.iiiiiiiiiiiiiiiiiiiiiiiii 

Initheigrowthiofitheidefinitioniofifractionaliderivativeinumerousimath

ematiciansisuchiasiSonini(1869),iLetnikovi(1872),iLaurenti(1884),iNekraso

vei(1888),iNishimotoi(1987)icontributeditotheidevelopmentiofivariousiconc

eptsiandipropertiesiofifractionalicalculus. 

TheiTwentiethiCentury:i 

Theiopeningiofithei20thicenturyiwitnessediadditionaligrowthiinithisidisciplin

e.iIni1927,iDavisi[50]isuggesteditheinotation 𝐷𝑐
0

𝑥
−𝛽

𝑓(𝑥)itoidefineifractionalii

ntegrationias 
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1

Γ(β)
∫(𝑥 − 𝑡)𝛽−1𝑓(𝑡)𝑑𝑡

𝑥

𝑐

 

Ini1939,iErdelyii[66]igaveitransformationiofihypergeometriciintegrals

iusingifractionaliintegrationibyiparts.iFariaheadiini1940iKoberi[142]iextend

edisomeiresultsiofiHardyiandiLittlewoodioveriaiwiderirange,idealtiwithiMel

linitransforms,iandialsoiestablishediauniquenessitheoremiforiaisolutionitoith

eiequationi 

𝑔(𝑥) = ∫(𝑥 − 𝑡)𝛽−1𝑓(𝑡)𝑑𝑡

𝑥

𝑎

 

Subsequently,iini1941iWidderi[326]iattempteditoijoinitheiLaplaceitra

nsformiwithifractionaliintegrals.i 

Zygmundi[346]iderivediseveralitheoremsionifractionaliderivatives,iini

1945.iRieszi[245]iappliedifractionaliintegrationitoitheitheoryiofiRiemannieq

uation,irelativisticitheory,iwaveiequation,iandipotentialsiini1949.iIni1950,iSt

uffi[312]iattainediairelationionidifferencesiofifractionaliorderiasiunder, 

△𝛽 𝑥𝑛 = ∑(−1)𝑣

∞

𝑣=0

(
𝛽
𝑣

) 𝑥𝑛+𝑣 

Subsequently,iIni1960iErdelyiiandiSneddoni[70]istudiedifractionaliint

egrationiofidualiintegraliequations.iIni1964,iBuschmani[28]ishorteneditheid

ualiintegraliequationitoiaisingleiintegraliequationibyiusingifractionaliintegral

ioperators.iIni1965,iMcCollumiandiBrowni[189]imadeiainoteworthyicontrib

utionibyigivingiailistiofiLaplaceiandiInverseiLaplaceitransformsirelateditoifr

actionaliordericalculus.iTheseilistsifacilitatediinifindingitheisolutioniofifracti
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onalidifferentialiequations.iIni1969,ianiamazingicontributionihasibeenimade

ibyiAgarwali[8]itoiextendifractionalicalculusiintoifractionaliq-calculus.i 

Thei1970'siobservediaihugeigushiiniactivitiesiinitheiareaiofifractionali

calculusiandiitsiapplications.iToiinstigateiwithiOsleri[224]istudiedicertainig

eneralizationsiofitheiLeibnitziruleiforitheiderivativeiofitheiproductiofitwoifu

nctionsiandiusedithemitoigenerateiseveraliinfinite 

seriesiexpansionsirelatingispecialifunctions.subsequently,iheidefinedit

heifractionaliderivativeibyigeneralizingitheiCauchyiintegraliformula.iThesei

generalizationsiallowedihimitoievaluateitheivalueiofiaihypergeometricifuncti

oniofiunitiargumentiinitermsiofiLegendre’sigammaifunction.iOldhamiandiS

panieri[220]iworkedionitheireplacementiofiFick’silawsibyiaiformulationiinv

olvingisemi-differentiationiini1970iitself. 

iLovei[162]iobtaineditwoiindexilawsiforifractionaliintegralsiandideriv

ativesiini1972.iAlso,iOldhamiandiSpanieri[221]idevelopediaigeneralisolutio

niofitheidiffusioniequationiforisemi-infiniteigeometries.i 

Duringitheisecondihalfiofitheicentury,itheiacclaimiofitheigrowthiofifr

actionalicalculusigoesitoiBertramiRossi[247].iHeihasialsoiorganizeditheiFirs

tiInternationaliConferenceioniFractionaliCalculusiandiitsiApplicationsiatithe

iUniversityiofiNewiHaveniiniJunei1974iandieditediitsiproceedings. 

Ini1974,iK.B.iOldhamiandiJ.iSpanieri[222],ipublishediaibookidevoted

itoifractionalicalculus.iTheyihaveigivenitheihistoricalidevelopmentiofifractio

nalicalculusiwithiproblemsiofimassiandiheatitransferiinitermsiofitheiso-

calledisemi-derivativesiandisemi-integrals. 
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iiiiiiiiiiiiInitheisameiyear,iDiaziandiOsleri[62]idefinedidifferencesiofifractio

naliorderiandiderivediaiLeibnitziruleiforitheifractionalidifferenceiofitheiprod

uctiofitwoifunctions.i 

Theienergyireceivediinithei1970sicontinuediinithei1980sialso.iSaxena

iandiModii[271]idealtiwithicertainimultidimensionalifractionaliintegralioper

atorsiassociatediwithiGaussihypergeometricifunctionsiand 

 

providedithreeitheoremsiforitheseioperatorsiwhichiprovideiexpression

siforitheiriMellinitransformsiandiintegrationibyiparts.iIni1984,iRainai[241]i

obtainediaifractionaliderivativeiofiaigeneralisystemiofipolynomials.iAl-

Bassami[12]istudieditheiutilizationiofitheifractionalicalculusimethodiinisolvi

ngisomeiclassesiofidifferentialiequationsiofiHermit’sitypeiandigaveianiappli

cationiofifractionalicalculusitoidifferentialiequationsiini1985.iAlso,iinitheisa

meiyear,iSaxenaiandiModii[272]idefinedicertainifractionali𝑞 −integralioper

atorsiassociatediwithiaibasicianalogiofiSrivastava-Daoust'sifunction.i 

Ini1990,iSaxenaiandiRami[277]iintroducedicertainimultidimensionali

Koberioperators.iAlso,iGuptaiandiAgrawali[92,i93]iofferediaicorrelationibet

weeniDirichletiaveragesiandifractionaliderivatives.iNonnenmacheriprovided

ianiapplicationiofifractionalicalculusitoiaiclassiofiLeviidistributionifunctions

.iNishimotoi[211]iprovidedianiexhaustiveitreatmentionifractionalicalculusira

ngingioverifourivolumesiini1990.iFurthermore,iini1992,iGoyal,iJain,iandiGa

uri[54]iconsideredifractionaliintegralioperatorsiinvolvingiaiproductiofigener

alizediwasimadeigeometricifunctionsiandiaigeneraliclassiofipolynomials. 

Initheilastidecadeiofithei20thicentury,icountlessicontributioniwasimad

eibyiiiMilleriandiRossi[195]ibyipublishingiaibookionifractionalicalculusiand
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ifractionalidifferentialiequation.Ini1993,iTuaniandiSaigoi[320]igaveisomein

ewimulti-

idimensionalioperatorsiofifractionalicalculus,iconsiderediinicertainispacesiof

igeneralizedifunctions.iTheyihaveiapplieditheseioperatorsitoielementaryiand

igeneralizedihypergeometricifunctionsiofimultivariable.iAgain,iSaxenaiandi

Singh 

[282]iintroduceditwoinewifractionaliintegrationioperatorsiassociatedi

withiI-

functioniini1993.iInitheisameiyear,DeoraiandiBanerjii[54,i55]iestablishediso

meiresultsiofidoubleianditripleiDirichletiaveragesibyiusingifractionalicalculu

s. 

iIni1994,iSaxena,iKiryakova,iandiDavei[267]iattempteditoiunifyiandi

extendediseveraliresultsionifractionaliintegralioperatorsibyitakingiupiailayeri

ofinewifractional-

orderiintegralioperators.iDuringitheisameiyear,iDeoraiandiBanerjii[56]igavei

aniapplicationiofifractionaliordericalculusitoitheisolutioniofitheiEuler-

DarbouxiequationiinitermsiofiDirichletiaverages.iPodlubnyi[233]iemployedi

fractionalicalculusiinicontrolitheoryiandiWesterlundiandiEkstami[324]igavei

theiapplicationiofifractionalicalculusiforidevelopingicapacitoritheoryiduringi

theisameiperiod.iIni1995,iRutmani[250]idevelopediaiphysicaliinterpretationi

ofifractionaliintegrationiandidifferentiation.iIni1996,iMainardii[171]isolvedi

fractionalirelaxation-oscillationiandifractionalidiffusion-

waveiphenomena.iKulkarni,iNaikh,iandiSrivastavai[145]igaveianiapplicatio

niofifractionalicalculusiinisolvingiainewiclassiofimultivalentifunctionsiwithi

negativeicoefficientsiduringitheisameiperiod.iIni1999,iJainiandiJaini[114]ie

mployedifractionaliorderiintegralioperatorsitoisolveisomeidualiintegraliequat
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ionsiinvolvingiI-

functioniandiobtainedirelationiinitermsiofifiniteisumsiofiintegralsiinvolvingi

H-functioniini1999.i 

Atitheiendiofitheicentury,ifractionalicalculusiwasifamiliaritoieveryian

alystiandiwasipartiofitheimathematicsicurriculumiinitheiuniversities. 

TheiTwenty-FirstiCentury: i 

Untilicontemporaryitimes,ifractionalicalculusiwasimeasurediasiairatheriobsc

ureimathematicalitheoryiwithoutiapplications,ibutiinitheilastidecade,ithereih

asibeenianiexplosioniofiresearchiactivitiesitheiapplicationiofifractionaliorder

icalculusioperatorsitoidifferentiscientificifieldsisuchiasifractionalicontroliofi

engineeringisystems,iadvancementiofitheicalculusiofivariationsiandioptimali

controlitoifractionalidynamicisystems,ianalyticaliandinumericalitoolsiandite

chniques,ielectricaliandithermaliconstitutiveirelations,ifundamentaliundersta

ndingiofiwaveiandidiffusioniphenomenon,itheirimeasurementsiandiverificati

ons,ithermalimodelingiofiengineeringisystemsisuchiasibrakesiandimachineit

ools,iImageiandisignaliprocessingiandibioengineeringiapplications,ietc.Atith

eibeginningiofitheipresenticentury,iHilferi[101]isummarizediapplicationsiofi

fractionalicalculusiiniphysicsiinihisitreatiseiinitheiyeari2000.iAlso,Mainardi,

iRoberto,iGorenflo,iandiScalasi[178]igaveitheitheoryiofitick-by-

tickidynamicsiofifinancialimarketsibasedioniaicontinuous-

timeirandomiwalkimodeliandipointedioutiitsiconsistencyiwithitheibehaviorio

bservediinitheiwaiting-

timeidistributioniforiBundifutureipricesitradediatiLIFFE,iLondonibyiusingifr

actionalicalculusiandicontinuous-

timeifinance.iHauboldiandiMathaii[99]generalizedisimpleikineticiequationsi

usediiniastrophysicsitoiaifractionalikineticiequationiandiobtainediitsisolution

iinitermsiofiH-
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functioniandiemphasizeditheiroleiofithermonuclearifunctioniwhichiareirepre

sentediinitermsiofiG-andiH-

functions.iAgain,iSrivastavaiandiSaxenai[311]ipresentediaisystematiciandihi

storicaliaccountiofitheiinvestigationsicarriedioutibyivariousauthorsiinitheifie

ldiofifractionalicalculusiandiitsiapplications,ithusiprovidinganieffectiveitooli

foriunderstandingitheisubject.iiJainiandiPathani[115]iestablishediseveral 

theoremsiinvolvingiLaplaceitransformiandiWeylifractionaliintegralioperator

siandiappliedithemiinifindingiailargeinumberiofiusefuliresultsiini2001.iAli,i

Kriyakova,iandiKallai[13]igaveisolutionsiofifractionalimulti-

orderiintegraliandidifferentialiequationsiusingiaiPoisson-

typeitransformiduringitheisameiperiod.iAgain,iSaxena,iMathai,iandiHaubold

i[268]iobtainediaisolutioniofigeneralizedifractionalikineticiequationsiiniaico

mpactiformicontainingiMittag-Leffler 

functioniini2002.Duringitheisameiyear,Podlubnyi[235]ihasigivenigeometrici

andiphysicaliinterpretationsiofiReimann-Liouville'sileftiandiright-

sidedifractionaliderivativesiandiintegralsiwhichiareiaimilestoneiinitheifieldio

fifractionalicalculus.i 

Ini2003,iSamkoi[259]icameioutiwithiHardyiinequalityiinitheigeneralizediLe

besgueispaces.iIni2004,iSaxena,iMathai,iandiHauboldi[270]iappliedifraction

alicalculusiinidevelopingiunifiedifractionalikineticiequations.iAgain,iJainian

diPathani[116]idevelopediWeylifractionaliintegralioperatorsiini2004.iDuring

itheisameiyear,iSaxena,iMathai,iandiHauboldi[270]iinvestigateditheisolution

iofiaiunifiediformiofifractionalikineticiequation.Also,iYadaviandiPurohiti[33

2]iobtainedicertainitransformationsiforitheibasicihypergeometricifunctionsie

mployingifractionaliq-derivativeiinitheisameiperiod. 

Ini2006,iSharmaiandiJaini[293]iobtainediaicorrelationibetweenidoubleiDiric

hletiaverageiofi𝑥𝑡 log 𝑥iandifractionaliderivative.iInitheisameiyear,Kiryakov

ai[136]idevelopediaisolutioniofitwoiSaigo'sifractionaliintegralioperatorsiinit
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heiclassiofiunivalentifunctions.iiIni2007,iSharmaiandiJaini[294]iobtainediai

correlationibetweeniDirichletiaverageioficosh 𝑥iandifractionaliderivative.iIn

itheisameiyear,iPrieto, 

RomeroiandiSrivastavai[238]ipresentiseveralikeyiresultsiforitheigeneralizedi

Lommel-WrightiandirelatedifunctionsiinvolvingitheiReimann-

Liouville,itheiWeyl,iandisomeiotherifractionalicalculusioperators.iIni2008, 

Gafiychuk,iDatsko,iandiMeleshkoi[79]iappliedifractionalicalculusiinit

heiMathematicalimodelingiofitime-fractionalireaction-

diffusionisystems.iInitheisameiyear,iSharmai[291]ihasigiveniainewispecialif

unctioniofifractionalicalculusinamelyiM-

series,iandiobtainediitsifractionaliintegrationiandifractionalidifferentiation.iI

ni2009,iJumariei[120]idevelopediaiTableiofisomeibasicifractionalicalculusif

ormulaeiderivedifromiaimodifiediRiemann-Liouvilleiderivativeiforinon-

differentiableifunctions.iAlso,iSharmaiandiJaini[297]ihaveigiveniainewispec

ialifunctioniofifractionalicalculusinamelyiGeneralizediM-

seriesiinitheisameiperiod. 

Ini2010,iChaurasiaiandiPandeyi[45]istudieditheicomputableiextension

siofigeneralizedifractionalikineticiequationsiiniastrophysics.iKiryakova[139]

ipresenteditheimulti-indexiMittag-

Lefflerifunctionsiasianiimportanticlassiofispecialifunctionsiofifractionalicalc

ulusiduringitheisameiyear.iAlso,iSoubhia,iCamargo,iOliveira,iandiVaziJr.i[3

04]iobtaineditheiapplicationiofifractionalicalculusiinielectricaliengineeringib

yidevelopingiaitheoremiforiseriesiinithree-parameteriMittag-

Lefflerifunction,iinitheisameiperiod.iIni2011,iBhalekariandiDaftardar-

gojii[23]ihaveistudiediaipredictor-

correctorischemeiforisolvinginonlinearidelayidifferentialiequationsiofifractio

naliorder.iInitheisameiyear,iSharmaiandiJaini[298]iobtaineditheisolutionifra
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ctionalikineticiequationiiniastrophysicsiinitermsiofiI-

function.iAlso,iDavid,iLinares,iandiPallonei[49]istudiedihistoricalidevelopm

entiandiitsiapplicationsiinfractionali 

ordericalculus.iIni2012,iChaurasiai[46]iobtaineditheisolutioniofitheiti

me-spaceifractionalidiffusioniequationibyitheiintegralitransformimethod. 

Ini2013,iYang,iZhangiandiLongi[334]iintroduceditheiYang-

Fourieritransformationiforisolvingitheiheat-conductioniiniaisemi-

infiniteifractalibar.iGehloti[81]iobtaineditheiintegralirepresentationiandicerta

inipropertiesiofiM- 

seriesiassociatediwithifractionalicalculus,iinitheisameiyear.iAlso,iinith

eisameiyear,iSaxena,iRam,iandiKumari[279]ideriveditheisolutioniofigeneral

izedifractionalikineticiequationsibyiSumuduitransform. 

Ini2014,iiKhalil,iHorani,iYousef,iandiSababheh[347]ihaveigiveniaine

widefinitioniofifractionaliderivative.iAlso, 

CaputoiandiFabrizio[348]ihaveidevelopediainewidefinitioniofifraction

aliderivativeiwithoutisingularikerneliini2015. 

Ini2016,iKhalil,iHorani,iandiAnderson[349]ihaveigiveniundeterminedicoeffi

cientsiforilocalifractionalidifferentialiequations.iAlso,iinitheisameiyeariGok

dogan,iUnal,iandiCeliki[350]ihaveigiveniexistenceiandiuniquenessitheorems

iforisequentialilineariconformableifractionalidifferentialiequations. 

Ini2017,iCheniandiiKatugampolai[351]ihaveidevelopediHermite–

HadamardiandiHermite–Hadamard–

Fejéritypeiinequalitiesiforigeneralizedifractionaliintegrals 

Khan,iRazzaq,iandiAyaz[352]ihaveidevelopedisomeipropertiesiandiapplicati

onsioficonformableifractionaliLaplaceitransformi(CFLT)iini2018 
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Ini2019,iHilferiandiLuchkoi[353]ihaveidevelopediDesiderataiforifractio

naliderivativesiandiintegrals. 

Ini2021,iBaleanuiandiAgarwal[355]iappliedifractionalicalculusiinithesky. 

Ini2022,iHashim,iSharadga,iandiAl-

Refai[356]ihaveigiveniaireliableiapproachiforisolvingidelayifractionalidiffere

ntialiequations. 

ManyiprominentimathematiciansiandiscientistsinamelyiA.iM.iMathai,

iM.iA.iPathan,iR.iK.iSaxena,iP.iK.iBanerjee,iPankajiShrivastava,iR.iY.iDen

is,iS.iN.iSingh,iS.iP.iGoel,iRenuiJain,iK.iNishimoto,iP.iRusev,iI.iDimovski,

iS.L.iKalla,iV.iKiryakova,iL.iBoyadjiev,iiAnatolyiA.iKilbas,iOmiAgrawal,i

J.A.iTenreiroiMachado,iJocelyniSabatier,iiiStefaniSamko,iBlasiM.iVinagre.i

DumitruiBaleanuiJuaniJ.iTrujillo,iIgoriPodlubny,iIvoiPetras,iTomasiSkovra

nek,iDagmariBednarova,iAndreaiMojzisova,iandiYangiQuaniChenicontribut

editoithisifieldibyiorganizingiinternationaliconferences,iworkshops,iandisym

posiumsioveritheiyears. 

Aniextraordinaryicontributioniforidevelopingiandimakingifamiliarithe

iFractionaliCalculusiandiitsiApplicationsiVirginiaiKiryakovastartediandiedit

edianiinternationalijournalinamelyiJournaliofiFractionaliCalculusi&iApplied

iAnalysisiini1998i 

Theifractionalicalculusiisirelateditoispecialifunctions;ithereforeiaibriefidiscu

ssioniaboutitheispecialifunctionsiisigiveniinitheinextisection.i 

 

1.3 AiBriefiSketchiofiSpecialiFunctions: 

https://www.mdpi.com/2504-3110/6/2/124
https://www.mdpi.com/2504-3110/6/2/124
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 Specialifunctionsiareirealioricomplex-

valuedifunctionsiofioneiorimoreirealioricomplexivariablesiwhichiareispecifi

edisoicompletelyithatitheirinumericalivaluesicouldibeitabulated.iTheispeciali

functionsiwereiintroducediinitheiseventeenthicenturyiwheniJ.iW.idevelopedi

theitheoryiofiGammaifunctionilongibeforeiEulerireachediit.iInitheieighteent

hicentury,itheispecialifunctionsiwereidefinediasisolutionsiofidifferentialiequ

ationsiemergingiasimathematicalimodelsioficertainiproblemsiinitheisciences.

iTheiadjectivei‘special’iofithis 

nomenclatureicanibeiascribeditoitheisimpleifactithatitheseifunctionsiallocate

ditheirioriginitoiaispecialisituation.iHereiweipresentiaibriefisurveyiofitheihy

pergeometricifunctionsianditheirigeneralizationsidueitoitheikeyiimportancei

ofihypergeometricifunctionsiinitheistudyiofispecialifunctions.i 

1.3.1 HypergeometriciFunctions:- 

 Theihypergeometricifunctionsicoveriupimanyinewiareasiofiresearchii

nibiology,chemistry,physics, social 

sciences,iandiengineeringithroughimathematicalimodelingitechniques.iThei

OxfordiProfessoriWallisiJ.i(1616-

1703)iinihisiworkifirstiuseditheitermi‘hypergeometric’itoidenoteianyiseriesi

whichiwasiseparateifromitheiordinaryigeometriciseries.iDuringitheinextionei

hundrediandififtyiyears,imanyinotableimathematiciansistudiedisimilariseries,

ilikeiEuleriL.i(1707-

1783)iwhoigaveiimportantiresultsiinithisidirection,iamongstimanyiotherimat

hematiciansiandiscientists. 

 Ini1812,iaifamousiGermanimathematicianiC.iF.iGaussiintroducedithei

GaussianihypergeometriciseriesiandipresentediitiwithiFinotation. 
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𝑖𝐹(𝑎, 𝑏; 𝑐; 𝑧) = 1 +
𝑎. 𝑏

1. 𝑐
𝑧 +

𝑎(𝑎 + 1)𝑏(𝑏 + 1)

1.2. 𝑐(𝑐 + 1)
𝑧2 + ⋯ , 𝑖 

whereiiiiiiiiiiiiiiiii(𝑐 ≠ 0, −1, −2, … )𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.1) 

GeneralizationsiofithisiseriesiareicalledimultipleiGaussianihypergeom

etriciseries. 

ToiknowiGaussianihypergeometriciseries,iweirequireitheifollowingide

finitionsiandisymbols. 

TheiPochammerisymboli(𝑎)𝑚isigivenibyi 

(𝑎)𝑚 = 𝑎(𝑎 + 1) … (𝑎 + 𝑚 − 1), 𝑖𝑖where𝑖𝑚 = 1, 𝑖2,3, … 

(𝑎)0 = 1, 𝑖𝑎

≠ 0. 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.2) 

 Since (1)𝑚 =

𝑚!, 𝑖𝑖(𝑎)𝑚imayibeilookediuponiasiaigeneralizationiofitheielementaryifactori

al;ihenceitheisymboli(𝑎)𝑚iisialsoidenotediasitheifactorialifunction. 

 Givenitheidefinitioni(1.3.1.1)iweicanishowithati 

𝑎2𝑚 = 22𝑚 (
𝑎

2
)

𝑚
(

𝑎

2
+

1

2
)

𝑚
where𝑖𝑚 = 1, 𝑖2,3, … 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.3) 

Fromitheiaboveiresulti(1.3.1.3)iweicaniobtainitheifollowingiformulaik

nowniasiLegendre’siduplicationiformulaiforitheiGammaifunction. 

Γ(𝑚𝑧) = (2𝜋)
1−𝑚

2 𝑚𝑚𝑧−
1

2Γ(𝑧)Γ (𝑧 +
1

𝑚
) … Γ (𝑧 +

𝑚 − 1

𝑚
), 

where𝑖𝑚 = 1, 𝑖2,3, … 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.4) 

Forieveryipositiveiintegerin,iweihave 
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(𝑎)𝑚𝑛 = 𝑛𝑚𝑛 ∏ (𝑎 +
j − 1

n
)

m
,

n

j=1

where𝑖𝑚 = 1, 𝑖2𝑖, 3, … 𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.5) 

 whichireducesitoi(1.3.1.3)iwhen𝑖𝑛 =

2,iStartingifromi(1.3.1.5)iwith𝑎 = 𝑛𝑧.iIticanibeiprovedithat 

Γ(𝑛𝑧) = (2𝜋)
1−𝑛

2 𝑛𝑛𝑧−
1

2 ∏ (𝑧 +
𝑗 − 1

𝑛
)

m
,

n

j=1

 

where𝑖𝑧 ≠ 0, −𝑖
1

𝑛
, 𝑖 − 𝑖

2

𝑛
… ; 𝑛 = 1,2,3 … 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.6) 

ThisiresultiisiknowniasiGauss’simultiplicationitheoremiforitheiGamm

aifunction. 

Weicanirewriteitheidefinitioni(1.3.1.1)ibyitheiuseiofitheiPochammeris

ymbolidefinediini(1.3.1.2)iasifollows. 

𝐹(𝑎, 𝑏; 𝑐; 𝑧) = ∑
(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛

∞

𝑛=0

𝑧𝑛

𝑛!
, 𝑖wherei𝑐 ≠ 0, −1, −2, … (1.3.1.7) 

 Theiinfiniteiseriesiini(1.3.1.7)iobviouslyireducesitoielementaryigeome

triciseries. 

∑ 𝑧𝑛

∞

𝑛=0

= 1 + 𝑧 + 𝑧2 + ⋯ + 𝑧𝑛 + ⋯ 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.8) 

initheifollowingitwoiispecialicasesiwhen 

(i)𝑖𝑎𝑖 = 𝑖𝑐iandi𝑏 = 𝑖1iand (ii)i𝑎𝑖 = 𝑖1iand𝑖𝑏 = 𝑐.iiiiiiiiiii(1.3.1.9) 
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 Itiisisimplyiobservedithatitheihypergeometriciseriesiini(1.3.1.7)iconve

rgesiabsolutelyiwithinitheiuniticirclei|𝑧| <

1,ionlyiifitheidenominatoriparametericiisineitherizeroinoriainegativeiinteger. 

In case,i|𝑧| <

1ihypergeometriciseriesi(1.3.1.7),iisiabsolutelyiconvergentiifii

𝑅𝑒(𝑐𝑖– 𝑖𝑎𝑖– 𝑖𝑏𝑖) > 0. 

Ifieitherioribothiofitheinumeratoriparametersiaiandibiiniiiiiiiiiiiiiiiiiiiii

i(1.3.1.7)iareizeroioriainegativeiinteger,itheihypergeometriciseriesiterminate

sianditheiquestionioficonvergenceidoesinotiarise. 

iInifact,iifi𝑧 =

1ini(1.3.1.7)iweicaniobtainitheiwelliknowniGauss’sisummationitheorem,i 

𝐹1(𝑎, 𝑖𝑏; 𝑐; 1) =
Γ(𝑐)Γ(𝑐 − 𝑎 − 𝑏)

Γ(𝑐 − 𝑎)Γ(𝑐 − 𝑏)2
0  

wherei𝑅𝑒(𝑐 − 𝑎 − 𝑏) > 0, 𝑖𝑐 ≠ 0, −1, 𝑖 − 2 … 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.10) 

Aiclearispecialicaseiofi(1.3.1.10)iariseiwhenitheinumeratoriparameteri

𝑎iori𝑏iisiainoni–p integer,isay(−𝑛),iweihaveitheisummationiformula 

𝐹1(−𝑛, 𝑖𝑏; 𝑐; 1) =
(𝑐 − 𝑏)𝑛

(𝑐)𝑛
, 𝑖2

0  

wherei𝑛 = 0, i1, i2, … i𝑐 ≠ 0, −1, −2𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.11) 

whichiisiequivalentitoiVandermonde’siconvolutionitheorem 
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∑ (
𝛼

𝑘
) (

𝛽

𝑛 − 𝑘
)

𝑛

𝑘=0

= (
𝛼 + 𝛽

𝑛
) , 𝑖𝑛 ≥ 0, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1.3.1.12) 

𝛼𝑖and𝑖𝛽areianyicomplexinumbers. 

Severalisummationitheoremsiforitheihypergeometriciseriesi(1.3.1.7)i

whenizitakesioniotherispecialivaluesiareigiveniiniBaileyi[21],iErdelyiietial.i[

67],iandiSlateri[302]. 

InitheiGaussianihypergeometriciseriesi𝐹𝑖(𝑎, 𝑖𝑏, 𝑖𝑐; 𝑖𝑧), 𝑖thereiareitwoi

numeratoriparametersia,ib,iandioneidenominatoriparameteric.iiAinaturaligen

eralizationiofithisiseriesiisiobtainedibyiintroducingianiarbitraryinumberiofin

umeratoriandidenominatoriparameters.iTheiresultingiseries 

𝐹𝑞 [
𝑎1, … , 𝑖𝑎𝑝;

𝑏1, … , 𝑖𝑏𝑞;
𝑧] = ∑

(𝑎1)𝑛 … (𝑎𝑝)𝑛

(𝑏1)𝑛 … (𝑏𝑞)𝑛

𝑧𝑛

𝑛!

∞

𝑛=0

𝑝
0 iiiiiiiiiiiiiiii(1.3.1.13) 

 isiknowniasitheigeneralizedihypergeometriciseries.iHerei𝑝iandi𝑞iarei

positiveiintegersiorizeroi(interpretingianiemptyiproductiasi1)ianditheidenom

inatoriparametersi𝑏1, … , 𝑖𝑏𝑞itakeionicomplexivalues,iprovidedithati 

 𝑏𝑞 ≠ 0, 𝑖 − 1, 𝑖 − 2, 𝑖 … ; 𝑗 = 1, 𝑖2, 𝑖 … 𝑞 

 iiiiiiiiiiiiiii(1.3.1.14) 

 Supposingithatinoneiofitheinumeratoriparametersiisizeroioriainegative

iintegeri(otherwiseitheiquestionioficonvergenceiwillinotiarise),iandiwithithei

usualirestrictionsi(1.3.1.14),the 𝐹𝑞𝑝
0 seriesiini(1.3.1.13).i 

(i) convergesifori|𝑧| < ∞𝑖𝑖𝑓𝑖𝑝 ≥ 𝑞, 
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(ii) convergesiforii|𝑧| < 1𝑖𝑖𝑓𝑖𝑝 = 𝑞 + 1iandi 

(iii) divergesiforialli𝑧, 𝑖𝑧 ≠ 0𝑖𝑖𝑓𝑖𝑝 > 𝑞 + 1. 

Furthermore,iifiweiset 

𝑤 = ∑ 𝑏𝑗

𝑞

𝑗=1

− ∑ 𝑎𝑗

𝑝

𝑗=1

, 𝑖iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii(1.3.1.15) 

thenitheiseriesifori 𝐹𝑞𝑝
0 iwithi𝑝𝑖 = 𝑖𝑞 +

1iisiabsolutelyiconvergentifori|𝑧| = 1𝑖iifii𝑅𝑒( w ) > 0 

Aisignificantispecialicaseiofitheiseriesi(1.3.1.13)iisitheiKummerianih

ypergeometriciseries 𝐹1(𝑎, 𝑐; 𝑧)1
0 iiniwhichicase, 

𝑝 = 𝑞 = 1.iSincei 

lim
|𝛼|→∞

{(𝑎)𝑛 (
𝑍

𝑎
)

𝑛
} = lim

|𝜇|→∞
{

(𝜇𝑍)

(𝜇)𝑛

𝑛

} = 𝑧𝑛iiiiiiiiiii(1.3.1.16) 

foriboundedi𝑧iandi𝑛𝑖 = 𝑖0, 𝑖1, 𝑖2, …,iweihave, 

𝐹1(𝑖𝑎, 𝑐; 𝑧) =1
0 lim

|𝑏|→∞
𝐹1 (𝑖𝑎, 𝑏, 𝑐;

𝑧

𝑏
)2

0 iiiiiiiiiiiiiiiiiiiiii(1.3.1.17) 

Iniconsiderationiofitheiprincipleioficonfluenceiinvolvediiniiiiiiiiiiiiiiiii

iiiiii(1.3.1.17),iKummer’siseriesi 𝐹1(𝑖𝑎, 𝑐; 𝑧)1
0 iisialsoicalleditheiconfluentihy

pergeometriciseries. 

Aniexcitingigeneralizationiofitheiseries 𝐹𝑞𝑝
. isidueitoiFoxiiiand 

Wrightiwhoistudieditheiasymptoticiexpansioniofitheigeneralizedihype

rgeometricifunctionidefinediby 
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𝜓𝑞 [
(𝑎1, 𝐴1) … , 𝑖(𝑎𝑝, 𝐴𝑝);

(𝑏1, 𝐵1) … , 𝑖(𝑏𝑞 , 𝐵𝑞);
𝑧] = ∑

∏ Γ(𝑎𝑗 + 𝐴𝑗𝑛)
𝑝
𝑗=1

∏ Γ(𝑏𝑗 + 𝐵𝑗𝑛)
𝑞
𝑗=1

𝑧𝑛

𝑛!

∞

𝑛=0

𝑝
0 iii(1.3.1.18) 

 whereitheicoefficients𝐴1, … , 𝐴𝑝iandi𝐵1, … , 𝐵𝑞iareipositiveirealinumbe

rsisuchithat 

1 + ∑ 𝐵𝑗

𝑞

𝑗=1

− ∑ 𝐴𝑗

𝑝

𝑗=1

≥ 0, 𝑖iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii … iiiii(1.3.1.19) 

 Withitheihelpiofi(1.3.1.13),i(1.3.1.18)iandiconditionsigiveniini(1.3.1.1

9)itheifollowingiresulticanibeiobtained. 

𝜓𝑞 [
(𝑎1, 1) … , 𝑖(𝑎𝑝, 1);

(𝑏1, 1) … , 𝑖(𝑏𝑞 , 1);
𝑧]𝑝

0 =
∏ Γ(𝑎𝑗)

𝑝
𝑗=1

∏ Γ(𝑏𝑗)
𝑞
𝑗=1

𝐹𝑞 [
𝑎1, … , 𝑖𝑎𝑝;

𝑏1, … , 𝑖𝑏𝑞;
𝑧]𝑝

0  

…ii(1.3.1.20) 

Theimassiveisuccessiofitheitheoryiofihypergeometriciseriesiinioneivariableii

nspireditheidevelopmentioficorrespondingitheoryiinitwoiandimoreivariables.

iAppelli[1888]iwasitheifirstitoiintroduceitheitheoryiofihypergeometricifuncti

onsiofitwoivariables,iTheifouriAppelliseriesiwereiunifiediandigeneralizedib

yiKamp’eideiF’erieti[1921]iwhoidefinediaigeneralihypergeometriciseriesiini

twoivariables.iiAifurtherigeneralizationiofitheiKamp’eideiF’erietiseriesiisidu

eitoiShrivastavaiandiDaoustiini[1969]iwhoiindeedidefinedianiextensioniofi

𝜓𝑞𝑝
0 iseriesiinitwoivariables.iOnitheiotherihandiLauricellai[1893]ifurtherigen

eralizeditheifouriAppelliseriesi𝐹1, 𝑖 … , 𝐹4toitheicorrespondingiseriesiin 

in variables.i 
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 Theihypergeometriciseriesiinioneiandimoreivariablesioccurinaturallyii

niailargeivarietyiofiproblemsiiniastronomy,istatistics,iphysics,iengineering,i

biologicalisciences,socialisciences,andiappliedimathematics. 

 

1.3.2i MoreiGeneralizationsiofiHypergeometriciFunctions: 

Theigeneralizedihypergeometricifunctioni 𝐹𝑞𝑝
0 ialsoihasiaivarietyiofiap

plications.iTheiBarnesitypeicontouriintegralirepresentationiofithisifunctionir

ivetedimanyianalystsitoiintroduceisuccessiveigeneralizations.iiTheiattemptsi

ofiMacRoberti[168]iandiMeijeri[190]iobtaineditwoispecialifunctionsiwhichi

areiwelliknowniinitheiliteratureiasitheiE-functionianditheiG-

functionirespectively.i 

1.3.2.1iTheiMaciRobert’siE-Function: 

TheiprodigiousimathematicianiT.iM.iMaciRobertiinitheilatei1930siatt

empteditoigiveimeaningitoitheisymboli 𝐹𝑞𝑝
0 iwheni𝑝 > 𝑞 +

1,iforitheiconditioniwheni𝑝 ≤ 𝑞 + 1,iE-functioniisidefinediasifollows: 

𝐸(𝑝; 𝑎𝑟; 𝑞; 𝑏𝑠: 𝑥) = 𝐸(𝑎1, 𝑖 … 𝑎𝑝; 𝑏1, 𝑖 … 𝑏𝑞: 𝑥) 

=
Γ(𝑎1) … Γ(𝑎𝑝)

Γ(𝑏1) … Γ(𝑏𝑞)
𝐹𝑞𝑝

0 (𝑎1, 𝑖 … 𝑎𝑝; 𝑏1, 𝑖 … 𝑏𝑞; −
1

𝑥
) ii … ii(1.3.2.1.1) 

 Wherei𝑥 ≠ 0iiifi𝑝 < 𝑞iandi|𝑥| > 1iifi𝑝𝑖 = 𝑖𝑞 + 1; 

whileifori𝑝 ≥ 𝑞 + 1,iiticanibeiputias 
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𝐸(𝑝; 𝑎𝑟; 𝑞; 𝑏𝑠: 𝑥) = ∑
∏ Γ(𝑎𝑠 − 𝑎𝑟)

𝑝
𝑠=1

∏ Γ(𝑏𝑡 − 𝑎𝑟)
𝑞
𝑡=1

𝑥𝛼𝑟

𝑝

𝑟=1

 

× 𝐹𝑝−1 [
𝑎𝑟 − 𝑏1 + 1, … , 𝑖𝑎𝑟 − 𝑏𝑞 + 1;

𝑎𝑟 − 𝑎1, … , 𝑎𝑟0
∗ + 𝑎𝑝 + 1𝑖;

(−1)𝑝+𝑞𝑥]𝑞+1
0 ii … (1.3.2.1.2) 

where|𝑥| < 1iifii𝑝𝑖 = 𝑖𝑞𝑖 +

𝑖1i.iTheiprimeiiniΠirepresentsitheiomissioniofitheifactoriΓ(𝑎𝑟 −

𝑎𝑟)itheiasteriski(*)iini 𝐹𝑝−1𝑞+1
0 denotesitheiomissioniofitheiparameteri𝑎𝑟 −

𝑎𝑟 + 1ianiemptyiproductiisitoibeiinterpretediasioneiandizero 

orinegativeiintegerivaluesiofithei𝑎iareitacitlyiexcluded.iTheiasymptoticiexpa

nsioniasi𝑥 → ∞, 

−
1

2
(𝑝 − 𝑞 + 1)𝜋 < arg𝑖𝑧 <

1

2
(𝑝 − 𝑞 + 1)𝜋 

ofi(1.3.2.1.2)iisigivenibyitheiright-handisideiofi(1.3.2.1.1). 

1.3.2.2iiiTheiMeijer’siG-functioni[190]: 

TheirenownedimathematicianiC.iS.iMeijeriini1936iintroducedit

heiG-

functioniwhichialsoiprovidesianiinterpretationitoitheisymboli 𝐹𝑝𝑞
0 ,iwheni𝑝 <

𝑞 +

1.iThisiisiinicompleteiagreementiwithitheioneigivenibyiMaciRobert’siE-

function.iInitheisubsequentidefinition,ianiemptyiproductiisiinterpretediasiuni

tyiandi0 ≤ 𝑚 ≤ 𝑞, 𝑖0 ≤ 𝑛 ≤ 𝑝.iMeijer’siG-

functioniwithitheiparametersi𝑎1, … , 𝑎𝑝and𝑏1, … , 𝑏𝑞iisidefinediasiaiMellin-

Barnesitypeiintegraliasifollows. 
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𝐺𝑝,𝑞
𝑚,𝑛 (𝑧 |

𝑎1, … 𝑎𝑝

𝑏1, … 𝑏𝑞
) ≡ 𝐺𝑝,𝑞

𝑚,𝑛 (𝑧 |
𝑎𝑝

𝑏𝑞
) ≡ 𝐺𝑝,𝑞

𝑚,𝑛(𝑧) ≡ 𝐺(𝑧) 

𝐺𝑝,𝑞
𝑚,𝑛 (𝑧 |

𝑎1, … 𝑎𝑝

𝑏1, … 𝑏𝑞
) = (2𝜋𝑖)−1 ∫ 𝑔(𝑠)

0

𝐿

𝑧−𝑠𝑑𝑠𝑖𝑖𝑖 … 𝑖(1.3.2.2.1) 

wherei= √−1,iLiisiaisuitableicontouriwhichiwillibeidiscussedilaterioni 

,𝑧 ≠ 0, 

g(𝑠) =
∏ Γ(𝑏𝑗 + 𝑠) ∏ Γ(1 − 𝑎𝑗 − 𝑠)𝑛

𝑗=1
𝑚
𝑗=1

∏ Γ(1 − 𝑏𝑗 − 𝑠)
𝑞
𝑗=𝑚+1

∏ Γ(𝑎𝑗 + 𝑠)
𝑝
𝑗=𝑛+1

iiiiii … i(1.3.2.2.2) 

Hereitheiparametersi𝑎1, … , 𝑎𝑝and𝑏1, … , 𝑏𝑞areicomplexinumbersisuchi

thatinoipoleiofiΓ(𝑏𝑗 + 𝑠),i𝑗 = 1, . . . , 𝑚icoincidesiwithianyipoleiofi 

Γ(1 − 𝑎𝑘 − 𝑠),i𝑘𝑖 = 𝑖1, … , 𝑛ithatiis, 

−𝑏𝑗 − 𝑣 ≠ 1 − 𝑎𝑘 + 𝜆, 𝑖𝑗 = 1, . . . , 𝑚; 𝑘 = 1, . . . , 𝑛; 𝑣, 𝑖𝜆 = 0,1𝑖 

… I (1.3.2.2.3) 

Thisimeansithati𝑎𝑘 − 𝑏𝑗 ≠ 𝑣 + 𝜆, ∀𝑗 = 1, … , 𝑚𝑖𝑎𝑛𝑑𝑖𝑘 =

1, … , 𝑛.iWeialsoineedithatithereiisiaistripiinitheicomplexis-

planeithatiseparatesitheipolesiofiΓ(𝑏𝑗 + 𝑠),i𝑗 =

1, . . . , 𝑚,ifromithoseiofiiiΓ(1 − 𝑎𝑗 − 𝑠), 𝑘 =

𝑖1, … , 𝑛. 𝑖TheiimplicationiofithisiisishowniiniFig.i(1.1),i[184]. 

PolesiofiΓ(𝑏𝑗 + 𝑠)  noipoles  polesiofiΓ(1 − 𝑎𝑗 − 𝑠) 

𝑗 = 1, … , 𝑚   forig(𝑠)   𝑘 = 1, … , 𝑛 
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*******   ********** 

******iiiiiiiiiiiiiiiiiiiiiiiic1 iiiiiiiiiiiiiiiiiic2iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii***** 

*******       iii******** 

**** 

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiFigurei(1.1) 

AnialgebraicistatementiofiFig.i(1.3.2.2.4)iisithat 

𝑚𝑖𝑛{𝑅𝑒(𝑏𝑗): 𝑗 = 1, … , 𝑚} < 𝑐1 < 𝑖𝑅𝑒(𝑠)}𝑖 < 𝑐2 

< 𝑖𝑚𝑖𝑛{𝑅𝑒(𝑎𝑘): 𝑘 = 1, … , 𝑛}𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.3.2.2.4) 

wherei𝑅𝑒(𝑠)idenotesitheirealipartiofis. 

 

1.3.2.3iiiTheiFox’siH-Functioni[77]: 

iiiiiiiThisifunctioniisianiextensioniofitheiG-

functionidefinedibyiCharlesiFoxi[77]iini1961.iTheidefinitionianditheibasicic

onditionsiofiexistenceiforianiH-functioniareiasiunder: 

𝐻𝑝,𝑞
𝑚,𝑛 (𝑧 |

𝑎𝑝, 𝛼𝑝

𝑏𝑞 , 𝛽𝑞
) ≡ 𝐻𝑝,𝑞

𝑚,𝑛(𝑧) ≡ 𝐻(𝑧) 

𝐻𝑝,𝑞
𝑚,𝑛 (𝑧 |

(𝑎1, 𝛼1), … , (𝑎𝑝, 𝛼𝑝)

(𝑏1, 𝛽1), … , (𝑏𝑞 , 𝛽𝑞)
) =

1

(2𝜋𝑖)
∫ ℎ(𝑠)

0

𝐿

𝑧−𝑠𝑑𝑠𝑖𝑖𝑖 … 𝑖(1.3.2.3.1) 
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Where, 

ℎ(𝑠)

=
∏ Γ(𝑏𝑗 + 𝛽𝑗𝑠) ∏ Γ(1 − 𝑎𝑗 − 𝛼𝑗𝑠)𝑛

𝑗=1
𝑚
𝑗=1

∏ Γ(1 − 𝑏𝑗 − 𝛽𝑗𝑠)
𝑞
𝑗=𝑚+1

∏ Γ(𝑎𝑗 + 𝛼𝑗𝑠)
𝑝
𝑗=𝑛+1

iiiiiiiiiiiiiiiii … i(1.3.2.3.2) 

andiLiisiaisuitableipathiwhichiwillibeidescribedihere.iAniemptyiproductiisii

nterpretediasiunityiandiitiisiassumedithatitheipolesiofiΓ(𝑏𝑗 + 𝛽𝑗𝑠),i𝑗 =

1, … , 𝑚,iareiseparatedifromitheipolesiofiΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠), 𝑖𝑗 =

1, 𝑖 … , 𝑛. 𝑎1, … , 𝑎𝑝and𝑏1, … , 𝑏𝑞iareicomplexinumbers,i𝛼1, … , 𝛼𝑝, 𝑖𝛽1, … , 𝛽𝑞i

areipositiveirealinumbers.iTheipolesiofiΓ(𝑏𝑗 + 𝛽𝑗𝑠), 𝑗 =

1, … , 𝑚iareiatitheipoints 

𝑠 = −
𝑏𝑗 + 𝑣

𝛽𝑗
, 𝑖𝑗 = 1, … 𝑚, 𝑖𝑣 = 0, 𝑖1 … 

anditheipolesiofiΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠), 𝑖𝑗 = 1, 𝑖 … , 𝑛𝑖iareiat 

𝑠 =
(1 − 𝑎𝑘 + 𝜆)

𝑎𝑘
, 𝑖𝑘 = 1, … 𝑛, 𝑖𝜆 = 0, 𝑖1, … 

Theiconditioniofiseparabilityiofitheseitwoisetsiofipolesiimposesithatit

hereibeiaistripiinitheicomplexis-planeiwhereitheiH-

functionihasinoipoles.iThereiareithreeitypesiofipathsiLipossible.iTheseicorre

sponditoipathsi1,i2,i3,iasiareishowniiniFig.i(1.2),i[49]. 

iiiPathi1 

Pathi2      Pathi3 
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PolesiofΓ(𝑏𝑗 + 𝛽𝑗𝑠)noipolesii polesiofΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠) 

i*i*i*i*  forth(s)  *i*i* 

*i*i*iiiiiiiiiiiiiiiiiiiiiii *i*i*i*i* 

      iiiiiiii*i*i*i*i* 

 

 

Figure (1.2) 

ForiallipracticaliproblemsiwhereiH-

functionsiareitoibeiappliediweimainlyirequireipathsi2iandi3.iItiisitoibeipoint

edioutithatiwhenimoreithanioneipathiLimakesisenseitheniiticanibeishownith

atitheyileaditoitheisameifunctioniandihenceithereiwillibeinoiambiguity. 

let𝑖𝜇 = ∑ 𝛽𝑗

𝑞

𝑗=1

− ∑ 𝛼𝑗

𝑝

𝑗=1

and𝑖𝛽 = {∏ 𝛼𝑗
𝛼𝑗

𝑝

𝑗=1

} {∏ 𝛽𝑗
−𝛽𝑗

𝑞

𝑗=1

} i … i(1.3.2.3.4) 

TheiH-functioniexistsiforitheifollowingicasesi[185]: 

Casei(i)ii𝑞 ≥ 1, 𝑖𝜇 > 0, 𝑖𝐻(𝑧)iiiexistsiforialli𝑧, 𝑖𝑧 0. 

Casei(ii)i𝑞 ≥ 1, 𝑖𝜇 = 0, 𝑖𝐻(𝑧)iiiexistsifori|𝑧| < 1− . 

Casei(iii)i𝑝 ≥ 1, 𝑖𝜇 > 0, 𝑖𝐻(𝑧)iiexistsiforialli𝑧, 𝑖𝑧 0. 

Casei(iv)i𝑝 ≥ 1, 𝑖𝜇 = 0, 𝑖𝐻(𝑧)iiexistsifori|𝑧| > 1− . 

Initheiaboveicases,iitiisiassumedithatitheibasiciconditioniisisatisfiedit

hatiisitheipolesiofiΓ(𝑏𝑗 + 𝛽𝑗𝑠), 𝑖𝑗 = 1, … , 𝑚iandiΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠), 𝑖𝑗 =

1, 𝑖 … , 𝑖𝑛𝑖iareiseparated.iNoteithatiinicasesi(1)iandi(ii)itheiH-

functioniisievaluatediasitheisumiofitheiresiduesiatitheipolesiofiΓ(𝑏𝑗 +
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𝛽𝑗𝑠), 𝑖𝑗 = 1, … , 𝑚iandiinicasesi(iii)iandi(iv)itheiH-

functioniisievaluatediasitheisumiofitheipolesiofiΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠), 𝑖𝑗 =

1, 𝑖 … , 𝑖𝑛𝑖. 

TheiH-

functioniisialsoigeneralizediini1982iwheniV.P.iSaxenai[284]idiscoverediain

ewifunctioniiniwhichitheidenominatoriparametersiareiinitheisummationifor

miofiGamma-

functionsiproducts,iduringitheisolutioniofidualiintegraliequationsiinvolvingi

H-functioniasiKernels.iThisiisitheiso-callediSaxena’siI-function.i 

 

 

1.3.2.4iiiTheiSaxena’siI-Function: 

TheiI-functioniisidefinediasifollows. 

𝐼[𝑧] = 𝐼𝑃𝑖,𝑄𝑖;𝑅
𝑀,𝑁 [𝑧 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛, … , (𝑎𝑗 , 𝛼𝑗)𝑛+1,𝑃𝑖

(𝑏𝑗 , 𝛽𝑗)1,𝑚, … , (𝑏𝑗 , 𝛽𝑗)𝑚+1,𝑄𝑖

] 

=
1

(2𝜋𝑖)
∫ 𝜙(𝑠)

0

𝐿

𝑧𝑠𝑑𝑠𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.3.2.4.1) 

Wherei𝑖 = √−1, 𝑧 ≠ 0iisiaicomplexivariableiand 

𝑧𝑠 = 𝑒[𝑠(𝑙𝑜g|𝑧|)+𝑖 arg 𝑧] 

 Iniwhichilogi z

idenotesitheinaturalilogarithmiandi𝑎𝑟g𝑖𝑧iisinotinecessarilyitheiprincipalivalu

e.iAniemptyiproductiisiinterpretediasiunity.iAlsoi 
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𝜙(𝑠) =
∏ Γ(𝑏𝑗 − 𝛽𝑗𝑠) ∏ Γ(1 − 𝑎𝑗 − 𝛼𝑗𝑠)𝑁

𝑗=1
𝑀
𝑗=1

∑ [∏ Γ(1 − 𝑏𝑗𝑖 − 𝛽𝑗𝑖𝑠)
𝑄𝑖

𝑗=𝑀+1
∏ Γ(𝑎𝑗𝑖 − 𝛼𝑗𝑖𝑠)

𝑃𝑖

𝑗=𝑁+1 ]𝑅
𝑖=1

 

…ii(1.3.2.4.2) 

wherei𝑃𝑖𝑖(𝑖 = 𝑖1, 𝑖2, 𝑖 … , 𝑖𝑅)𝑖, 𝑖𝑄𝑖𝑖(𝑖 =

𝑖1, 𝑖2, 𝑖 … , 𝑖𝑅), 𝑖𝑀, 𝑖𝑁iareiintegersisatisfyingi0 ≤ 𝑁 ≤ 𝑃𝑖 , 𝑖1 ≤ 𝑀 ≤

𝑄𝑖 , 𝑖(𝑖 =

𝑖1, 𝑖2, 𝑖 … , 𝑖𝑅),i𝑅iisifinite,i𝛼𝑗 , 𝑖𝛽𝑗 , 𝑖𝛼𝑗𝑖 , 𝑖𝛽𝑗𝑖areirealiandipositiveinumbersiandi

𝑎𝑗 , 𝑖𝑎𝑗𝑖 , 𝑖𝑏𝑗 , 𝑖𝑏𝑗𝑖iareicomplexinumbersisuchithatinoneiofitheipoints 

𝑠 =
𝑏𝑗 + 𝑣

𝛽𝑗
, 𝑖𝑗 = 1, … 𝑀, 𝑖𝑣 = 0, 𝑖1,2, … 

whichiareitheipolesiofiΓ(𝑏𝑗 − 𝛽𝑗𝑠), 𝑖(𝑗 = 𝑖1, 𝑖2, 𝑖 … , 𝑖𝑀)ianditheipointsi 

𝑠 =
(𝑎𝑗 − 𝑣 − 1)

𝑎𝑗
, 𝑖𝑗 = 1, … 𝑁, 𝑖𝑣 = 0, 𝑖1,2, … 

whichiareitheipolesiofiΓ(1 − 𝑎𝑗 −

𝛼𝑗𝑠)coincideiwithioneianotherii.e.ii𝛼𝑗(𝑏ℎ + 𝑣) ≠ 𝛽ℎ(𝑎𝑗 − 1 − 𝑘)for𝑣, 𝑖𝑘 =

0, 𝑖1, 𝑖2, … ℎ = 1,2, … 𝑀,i𝐽 = 𝑖1,2, … 𝑅;iLiisiaicontouriwhichirunsifrom,i𝜎 −

𝑖∞itoi𝜎 + 𝑖∞i(𝜎iisireal)iinitheicomplexis-

planeisuchithatitheipolesiofiΓ(𝑏𝑗 − 𝛽𝑗𝑠), 𝑖(𝑗 =

𝑖1, 𝑖2, 𝑖 … , 𝑖𝑀)iilieitoitheirightiofiLianditheipolesiofiΓ(1 − 𝑎𝑗 − 𝛼𝑗𝑠)(𝑗 =

1,2, … , 𝑁)ilieitoitheileftiofiLirespectively. 

 Theicontouriintegrali(1.3.2.4.1)iisiabsolutelyiconvergentiifieither 
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𝐴𝑖 > 0, 𝑖|arg𝑖𝑧| <
1

2
𝐴𝑖𝜋𝑖𝑖𝑖∀𝑖𝑖 ∈ {1, 𝑖2, 𝑖 … 𝑅} 

Or 

𝐴𝑖 ≥ 0, 𝑖|arg𝑖𝑧| <
1

2
𝐴𝑖𝜋, 𝑖𝑖𝑅𝑒(𝐵 + 1) < 0, 𝑖𝑖∀𝑖𝑖 ∈ {1, 𝑖2, 𝑖 … 𝑅} 

…i(1.3.2.4.3) 

whereii𝐴𝑖 = ∑ 𝛼𝑗

𝑁

𝑗=1

− ∑ 𝛼𝑗𝑖

𝑃𝑖

𝑗=𝑁+1

+ ∑ 𝛽𝑗

𝑀

𝑗=1

− ∑ 𝛽𝑗𝑖

𝑄𝑖

𝑗=𝑁+1

𝑖𝑖∀𝑖𝑖 ∈ {1, 𝑖2, 𝑖 … 𝑅} 

𝐵 =
1

2
(𝑃𝑖 − 𝑄𝑖) + ∑ 𝑏𝑗

𝑄𝑖

𝑗=1

− ∑ 𝑎𝑖

𝑃𝑖

𝑗=1

𝑖∀𝑖𝑖 ∈ {1, 𝑖2, 𝑖 … 𝑅}𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.3.2.4.4) 

iiiiiiiiiItiisiobviousifromi(1.3.2.4.1)ithatiSaxena’siI-

functionireducesitoifamiliariFoxe’siH-functioniwheni𝑅𝑖 =

𝑖1.iThus,iailargeiclassiofispecialifunctions,iincludingiBessel,iLegendre,ihyp

ergeometricifunction, etc.iturnioutitoibeiparticularicasesiofiiI-functions. 

Thereiwasinoideadiendiofigeneralizationiinitheifieldiofispecialifunctions.iSü

dland,iBaumann,iandiNonnenmacheri[315]iintroduceditheigeneralizediformi

ofi𝐼 −functioniknowniasiAleph-function. 

1.3.2.5.iSüdland,iBaumanniandiNonnenmacher’siℵ −(aleph)ifunction: 

ThisiisitheigeneralizediformiofiI −function.iTheiAleph-

functioniisigivenibyiSüdland,iBaumanniandiNonnenmacheri[315]i(1998): 
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[𝑧] = ℵ𝑝𝑖,𝑞𝑖,𝜏𝑖;𝑟
𝑚,𝑛 [𝑧] = ℵ𝑝𝑖,𝑞𝑖,𝜏𝑖;𝑟

𝑚,𝑛 [𝑧 |
(𝑎𝑗 , 𝐴𝑗)1,𝑛, … , [𝜏𝑖(𝑎𝑗 , 𝐴𝑗)]𝑛+1,𝑝𝑖

(𝑏𝑗 , 𝐵𝑗)1,𝑚, … , [𝜏𝑖(𝑏𝑗 , 𝛽𝑗)]𝑚+1,𝑞𝑖

] 

=
1

(2𝜋𝜔)
∫ Ω𝑝𝑖,𝑞𝑖,𝜏𝑖;𝑟

𝑚,𝑛 (𝑠)

0

ℒ

𝑧−𝑠𝑑𝑠𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.3.2.5.1) 

Forialli𝑧 ≠ 0,iwherei𝜔 = √−1iand 

Ω𝑝𝑖,𝑞𝑖,𝜏𝑖;𝑟
𝑚,𝑛 (𝑠) =

∏ Γ(𝑏𝑗 + 𝐵𝑗𝑠) ∏ Γ(1 − 𝑎𝑗 − 𝐴𝑗𝑠)𝑛
𝑗=1

𝑚
𝑗=1

∑ 𝜏𝑖 [∏ Γ(1 − 𝑏𝑗𝑖 − 𝐵𝑗𝑖𝑠)
𝑞𝑖

𝑗=𝑚+1
∏ Γ(𝑎𝑗𝑖 + 𝐴𝑗𝑖𝑠)

𝑝𝑖

𝑗=𝑛+1 ]𝑟
𝑖=1

 

… 𝑖(1.3.2.5.2) 

Theiintegrationipathiℒ = ℒ𝑖𝛾∞, 𝑖𝛾 ∈ 𝑅extendsifromi𝛾 − 𝑖∞itoi𝛾 +

𝑖∞iandiisisuchithatitheipoles,iassumeditoibeisimple,iofiiΓ(1 − 𝑎𝑗 −

𝐴𝑗𝑠),i𝑗 = 1, … 𝑛idoinoticoincideiwithitheipolesiofiΓ(𝑏𝑗 + 𝐵𝑗𝑠), 𝑖𝑗 =

1, … 𝑚.iitheiparametersi𝑝𝑖 , 𝑞𝑖iareinon-negativeiintegersisatisfyingi0 ≤ 𝑛 ≤

𝑝𝑖 , 𝑖1 ≤ 𝑚 ≤ 𝑞𝑖 , 𝑖𝜏𝑖 > 0ifori𝑖 = 1, … 𝑟.iTheiparametersii𝐴𝑗 , 𝑖𝐵𝑗 , 𝑖𝐴𝑗𝑖 , 𝑖𝐵𝑗𝑖 >

0iandiii𝑎𝑗 , 𝑏𝑗 , 𝑖𝑎𝑗𝑖 , 𝑏𝑗𝑖 ∈ 𝐶.itheiempty 

productioniini(1.3.2.5.2)iisiinterpretediasiunity.iTheiexistenceiconditionsifor

itheidefiningiintegrali(1.3.2.5.1)iareigivenibelow: 

𝜑ℓ > 0, 𝑖𝑖𝑖𝑖|arg𝑖𝑧| <
𝜋

2
𝜑ℓ𝑖𝑖∀𝑖ℓ ∈ {1, 𝑖2, 𝑖 … 𝑟} 

Or 

𝜑ℓ ≥ 0, 𝑖𝑖𝑖𝑖|arg𝑖𝑧| <
𝜋

2
𝜑ℓ𝑖𝑖𝑅𝑒{(𝜁ℓ) + 1} < 0, 𝑖𝑖∀𝑖ℓ ∈ {1, 𝑖2, 𝑖 … 𝑅} 

…ii(1.3.2.5.3) 
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whereii𝜑ℓ = ∑ 𝐴𝑗

𝑛

𝑗=1

+ ∑ 𝐵𝑗

𝑚

𝑗=1

− 𝜏ℓ ( ∑ 𝐴𝑗ℓ

𝑝ℓ

𝑗=𝑛+1

− ∑ 𝐵𝑗ℓ

𝑞ℓ

𝑗=𝑚+1

) 

∀𝑖ℓ ∈ {1, 𝑖2, 𝑖 … 𝑅} 

𝜁ℓ = ∑ 𝑏𝑗

𝑚

𝑗=1

− ∑ 𝑎𝑗

𝑛

𝑗=1

+ 𝜏ℓ ( ∑ 𝑏𝑗ℓ

𝑞ℓ

𝑗=𝑚+1

− ∑ 𝑎𝑗ℓ

𝑝ℓ

𝑗=𝑛+1

) +
1

2
(𝑝ℓ − 𝑞ℓ) 

where, iiiiiiℓ = 1, … 𝑟. 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.3.2.5.4) 

Further,iweipresentianiextensioniofianiordinaryihypergeometricifunctioniwh

ichiisicalledibasicianalogioriq-

analogiofiGaussihypergeometricifunctioniandiobtainedibyiadditioniofianiext

raiparameteriq.iWheniqitendsitowardsione,itheibasicihypergeometricifunctio

niapproachesiainormalihypergeometricifunction.iTheibasicihypergeometricif

unctionsihaveibeeniobservedisignificantlyiiniprovidingianiimminentiintoithe

istructureiofiRamanujan’siidentitiesianditheiMock-

Thetaifunctions.iBasicihypergeometricifunctionsihaveifoundiapplicationsiini

variousifieldsiofisciencesisuchiasiLie 

theory,iellipticifunctions,isolid-

stateitheoryiiniphysicalichemistry,ilinearialgebra,itransientibehaviorsiinielec

tricalicables,ihighienergyiparticlesiphysics,icosmology,inumberitheory,iandi

mechanicaliengineering,ietc. 

 Initheinextisection,iweidealiwithitheiMittag-

Lefflerifunctioniandiitsigeneralizations.iItsiimportanceiisirealizediduringithe

ilastitwoidecadesidueitoiitsidirecticontributionitoitheiproblemsiofiastrophysi
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cs,ibiology,iastronomy,iappliedisciences,isocialisciences,iandiengineering.iH

ille 

andiTamarkiniini1920ihaveiobtainediaisolutioniofiAbel-

VolterraitypeiintegraliequationiinitermsiofiMittag-

Lefflerifunction.iHenceiitihasibeeniobservedithatitheiMittag-

Lefflerifunctionioccursiasitheisolutioniofifractionaliorderidifferentialiequati

onsi(orifractionaliorderiintegraliequations).i 

1.4iSpecialiFunctionsiofiFractionaliCalculus: 

 Theiimportanceiofispecialifunctionsiasiaideviceiofimathematicalianal

ysisiisiwelliknownitoiscientists,imathematicians,isocialiscientists,iandiengin

eersidealingiwithitheipracticaliapplicationsiofidifferentialiequations.iTheisol

utioniofivariousiproblemsifromitheiheaticonduction,ielectromagneticiwaves,

ifluidimechanics,iquantumimechanics,ikineticiequationsiandidiffusioniequati

ons,ietc.ileadiobligatoryitoiusingitheispecialifunctions.iSpecialifunctionsiaris

eiasiaisolutioniofisomeibasiciordinaryidifferentialiequationsiandisolvingipart

ialidifferentialiequationsiusingtheiseparationiofitheivariableimethod.iTheiver

ityiofitheinatureiofitheimethodsileadingitoispecialifunctionsiencouragedithei

increaseiofitheinumberiofispecialifunctionsiusediiniapplications. 

Theiotherispecialifunctionsi(mostiofithemibeingigeneralizediHyper-

geometrici 𝐹𝑞𝑝
1 i-

functions),isuchisymbolsiwereitillinewlyilessipopular,iunfamiliar,iandistilliu

nknown.iThereiexistedivariousiintegraliandidifferentialiformulaeiforithemib

utiunfortunatelyiquiteiunusualiforieachiofitheispecialifunctionsiandiscattered

iinitheiliteratureiwithoutianyimutualiideaitoirelateithem.iiii 
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Specialifunctionsiofimathematicaliphysicsicanibeirepresentediasigeneralized

iHyper-geometrici 𝐹𝑞𝑝
1 i–functionsiorimoreiusuallyiasiMajer’siG-

functions.iWeihaveiseenitheimanualibooksiofithei“classicalicalculus”ieraiasi

theiBatemaniproject;iLukei[166],iAbramowitziandiSteguni[4],iMathaii[184]

,iMathaiiandiSaxenai[185],ietc.iforitheiridefinitionsiandiexamples, 

 Thereiisiaigrowingiinterestiandiuseioficlassesiofispecialifunctions,iref

erreditoiasi“SpecialiFunctioniofiFractionaliCalculus”isuchiasiexamples:ithei

Mittag–Lefflerifunctions,itheiWright-Besseli(Bessel-

Maitland)ifunctions,itheiWrightigeneralizedihypergeometricifunctioni 𝜓𝑞𝑝
1 ,it

heiFoxiH-

functionsiandiincreasingitheinumberiofitheirispecifications,iinvolvingisetsio

fi“fractional”imulti-

iindicesiandicloselyirelateditoioperatorsiandiequationsiofitheifractionalimult

i-order. 

1.4.1iTheiMulti-IndexiMittag-LeffleriFunction: 

AiclassiofispecialifunctionsiofiMittag-Leffleritypeithatiareimulti-

indexianalogsiofi𝐸𝛼,𝛽ibyireplacingitheiindicesi𝛼 = 1 𝜌⁄ , 𝑖𝛽 =

𝜇ibyitwoisetsiofiindicesi(𝛼 = 1 𝜌1⁄ , 1 𝜌2⁄ … 1 𝜌𝑚), 𝑖𝑖⁄ 𝛽 =

(𝜇1,𝜇2 … 𝜇𝑚)Foriintegeri𝑚 > 1,ileti𝜌1 … 𝜌𝑚 >

0iandi𝜇1,𝜇2 … 𝜇𝑚ibeiarbitraryireali(complex)inumbers.iEmployingithesei“m

ulti-indices”itheimulti-indexiMittag-Lefflerfunctionsi(multi-

MLF)iareidefinediinitheiseries: 
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𝐸 1

𝜌𝑖
,𝜇𝑖

(𝑧) = ∑
𝑧𝑘

Γ(𝜇1 + 𝑘 𝜌1⁄ )Γ(𝜇𝑚 + 𝑘 𝜌𝑚⁄ )

∞

𝑘=0

… 𝑖𝑖(1.4.1.1) 

TheisameikindiofifunctionsihasibeeniconsideredialsoibyiLuchkoiandi

Kiryakovai[165]ianditheicalledithoseiMittag-

Lefflerifunctionsiofivectoriindex. 

1.4.2iTheiGeneralizediMulti-IndexiMittag-LeffleriFunction: 

Theigeneralizedimulti-indexiMittag-

LefflerifunctioniwasidefinediandistudiedibyiSaxenaiandiNishimotoiini2010. 

𝐸𝜌,𝑘[(𝛼𝑖 , 𝛿𝑖)1,𝑚; 𝑧] = ∑
(𝜌)𝑘𝑛𝑧𝑘

∏ Γ(𝛼𝑖 + 𝛿𝑖𝑛)𝑖𝑛!m
j=1

∞

𝑘=0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.4.2.1) 

 1.4.3iTheiMittag-LeffleriFunction: 

TheiMittag-LefflerifunctioniacquaintediwithibyiMittag-

Leffleri[197]iini1903iisidefinediasi 

𝐸𝛼(𝑥) = ∑
𝑥𝑘

Γ(𝛼𝑘 + 1)
, 𝑖

∞

𝑘=0

(𝛼 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0)𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.3.1) 

iiiiiiiiiiiiAigeneralizationiofitheiMittag-

LefflerifunctioniisigivenibyiWimani[328]iini1905idefinediasifollows: 

𝐸𝛼,𝛽(𝑥) = ∑
𝑥𝑘

Γ(𝛼𝑘 + 𝛽)
, 𝑖

∞

𝑘=0

(𝛼, 𝛽 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0, 𝑖𝑅𝑒(𝛽) > 0) 

… 𝑖(1.4.3.2) 
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Prabhakari[237]ifamiliarizediaigeneralizationiofi(1.4.3.2)iini1971iinit

heiform 

𝐸𝛼,𝛽
𝛾 (𝑥) = ∑

(𝛾)𝑘𝑥𝑘

Γ(𝛼𝑘 + 𝛽)𝑖𝑘!
, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝑘=0

 

(𝛼, 𝛽, 𝛾 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0), 𝑖𝑅𝑒(𝛽) > 0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.3.3) 

Wherei(𝛾)𝑘iisitheiPochammerisymbol. 

Itiisianientireifunctioniwithi𝜌 = [𝑅𝑒(𝑣)]−1. 

Fori𝛾 = 1,ithisifunctionicoincidesiwithi(1.4.3.2),iwhileifori𝛾 = 𝛽 =

1iiwithi(1.4.3.1)i: 

𝐸𝛼,𝛽
1 (𝑥) = 𝐸𝛼,𝛽(𝑥), 𝑖𝐸𝛼,1

1 (𝑥) = 𝐸𝛼(𝑥)𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.3.4) 

Weialsoihave 

𝜙(𝛽, 𝛾; 𝑥) = 𝐹11
0 (𝛽, 𝛾; 𝑥) = Γ𝛾𝑖𝐸1,𝛾

𝛽 (𝑥)𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.4.3.5) 

𝐸𝛼,𝛽
𝛾 (𝑥) =

1

Γ𝛾
𝐻1,2

1,1 [−𝑥 |
(1 − 𝛾, 𝑖1)

(0,1), 𝑖(1 − 𝛽, 𝛼)
] , 𝑖𝑅𝑒(𝛼) > 0; 𝛼, 𝛽, 𝛾𝑖 ∈ 𝐶 

  … 𝑖𝑖(1.4.3.6) 

Fori𝛾 =

1(1.4.3.6)igivesiriseitoitheifollowingiresultiforitheigeneralizediMittag-

Lefflerifunction. 

𝐸𝛼,𝛽(𝑥) = 𝐻1,2
1,1 [−𝑥 |

(0, 𝑖1)
(0,1), 𝑖(1 − 𝛽, 𝛼)

] , 𝑖𝑅𝑒(𝛼) > 0; 𝛼, 𝛽 ∈ 𝐶 
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   …i(1.4.3.7) 

Ifiweifurtheritakei𝛽 = 1iiini(1.4.3.7)iweifindithat 

𝐸𝛼(𝑥) = 𝐻1,2
1,1 [−𝑥 |

(0, 𝑖1)
(0,1), 𝑖(0, 𝑖𝛼)

] , 𝑖𝑅𝑒(𝛼) > 0; 𝛼 ∈ 𝐶𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.3.8) 

1.4.4iTheiAgarwal’siFunction: 

TheiAgarwal’siFunctioniisiaigeneralizationiofitheiMittag-

LefflerifunctionigivenibyiAgarwali(1953)ias 

𝐸𝛼,𝛽(𝑧) = ∑
𝑧

(𝑘+
𝛽−1

𝛼
)

Γ(𝛼𝑘 + 𝛽)

∞

𝑘=0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.4.1) 

Thisifunctioniisiexcitingitoitheifractional-

orderisystemitheoryiandiitsiLaplaceiTransform,igivenibyitheiAgarwaliasii 

𝐿{𝐸𝛼,𝛽(𝑧𝛼)} =
𝑠𝛼−𝛽

𝑠𝛼 − 1
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … . 𝑖𝑖(1.4.4.2) 

Thisifunctioniisithei(𝛼 −

𝛽)iorderifractionaliderivativeiofitheifunctioni(Robotnovi(1969)iandiHartleyi

(1998)),iwithiargumenti𝛼 = 1.i 

1.4.5iTheiRobotnoviandiHartley’siFunction: 

Theifollowingifunctioniwasiintroducedi(HartleyiandiLorenzo,i1998)id

uringisolvingiofitheifundamentalilinearifractionaliorderidifferentialiequation

: 
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𝐹𝑞[−𝑎, 𝑖𝑡] = 𝑡𝑞−1 ∑
(−𝑎)𝑛𝑡𝑛𝑞

Γ(𝑛𝑞 + 𝑞)

∞

𝑛=0

, 𝑖𝑖𝑖𝑞 > 0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.5.1) 

ThisifunctionihadibeenistudiedibyiRobotnovi(1969,i1980)iconcerningiheredi

taryiintegralsiforiapplicationitoisolidimechanics.iThe 

aisignificantipropertyiofithisifunctioniisitheipoweriandisimplicityiofiit

siLaplaceiTransform 

𝐿{𝐹𝑞[𝑎, 𝑖𝑡]} =
1

𝑠𝑞 − 𝑎
, 𝑖𝑖𝑞 > 0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.4.5.2) 

1.4.6iTheiMilleriandiRossiFunction: 

MilleriandiRossi(1993,ipp80iandi309-

351)iintroduceianotherifunctioniasitheibasisiofitheisolutioniofitheifractional-

orderiinitialivalueiproblems.iItiisidefinediasi 

𝐸𝑡(𝑣, 𝑎) = ∑
𝑎𝑘𝑡𝑘+𝑣

Γ(𝑣 + 𝑘 + 1)

∞

𝑘=0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.6.1) 

 

AndiitsiLaplaceiTransform 

𝐿{𝐸𝑡(𝑣, 𝑎)} =
𝑠−𝑣

𝑠 − 𝑎
, 𝑖𝑖𝑅𝑒(𝑣) > 1𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.6.2) 

1.4.7iTheiWrightiFunctioni𝑾𝜶,𝜷(𝒛): 

TheiWrightifunction,idenotedibyiWα,β(z)iisisoinamediinihonoriofiE.i

MaitlandiWrighti[239],itheieminentiBritishimathematician,iwhoiintroducedi
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andiinvestigatedithisifunctioniiniaiseriesiofinotesistartingifromi1933iinitheio

utlineiofitheiasymptoticitheoryiofipartitions.Theifunctioniisidefinedibyitheis

eriesirepresentation,iconvergentiinitheiwholeiz-complexiplane, 

Wα,β(z) = ∑
𝑧𝑘

𝑘! Γ(𝛼𝑘 + 𝛽)
, 𝑖

∞

𝑘=0

𝛼 > −1, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝛽 ∈ 𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.7.1) 

SoiWα,β(z)iisianientireifunction.i 

AndiitsiLaplaceitransform,iweihave 

𝐿{𝑊𝑖(𝑡; 𝑖𝛼, 𝑖𝛽; 𝑠)} = ∑
1

Γ(𝛼𝑘 + 𝛽)

1

𝑠𝑘+1

∞

𝑘=𝑜

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.7.2) 

Or 

𝐿{𝑊𝑖(𝑡; 𝑖𝛼, 𝑖𝛽; 𝑠)} = 𝑠−1𝐸𝛼,𝑖𝑖𝛽(𝑠−1)𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.7.3) 

ThisiisiMittag-Lefflerifunction. 

1.4.8iTheiMainardiiFunction: 

TheiMainardiifunctioniisiaiparticularicaseiofitheiWrightifunction.iThe

iMainardiifunctioniandiitsiapplicationsiareiveryiusefulitoisolveiproblemsiini

variousifieldsilikeiphysics,iappliediscience,iandiengineering.iTheiMainardiif

unctioniisidefinedias: 

𝑀𝑖(𝑧, 𝛼) = ∑
(−1)𝑘

𝑘!

∞

𝑘=𝑜

𝑧𝑘

Γ(−𝛼(𝑘 + 1) + 1)
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.8.1) 

Wherei𝛼, ∈ 𝐶,i𝑅(𝛼) > 0, 𝑧 ∈ 𝐶iandiCiisitheisetiofiaicomplexinumber. 
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1.4.9iTheiK4i–Function: 

ThisifunctioniisigivenibyiKishaniSharmai[289]iandidefinedias 

𝐾4
(𝛼,𝛽,𝛾),(𝑎,𝑐);(𝑟;𝑠)(𝑧) = ∑

(𝑎1)𝑘 … (𝑎𝑝)
𝑘

(𝑏1)𝑘 … (𝑏𝑞)
𝑘

∞

𝑘=𝑜

(𝛾)𝑘𝑎𝑘(𝑧 − 𝑐)(𝑘+𝛾)𝛼−𝛽−1

K! iΓ((𝑘 + 𝛾)𝛼 − 𝛽)
 

… (1.4.9.1) 

Herei𝑣 ∈ 𝐶iandi(𝑎𝑖)𝑘(𝑖 = 1,2,3, … 𝑝)iandi(𝑏𝑗)𝑘(𝑗 =

1,2,3, … 𝑞)iareitheiPochammarisymbols. 

1.4.10iTheiK2i–Function: 

ThisifunctioniisigivenibyiKishaniSharmai[290]iandidefinedias 

𝐾2(𝑎1𝑖 … 𝑎𝑝; , 𝑏1 … 𝑏𝑞; 𝑧0) = ∑
(𝑎1)𝑘 … (𝑎𝑝)

𝑘

(𝑏1)𝑘 … (𝑏𝑞)
𝑘

∞

𝑘=𝑜

𝑎𝑘𝑧𝑘+𝑣

Γ(𝑘 + 𝑣 + 1)
 

… (1.4.10.1) 

Herei𝑣 ∈ 𝐶iandi(𝑎𝑖)𝑘(𝑖 = 1,2,3, … , 𝑝)iandi(𝑏𝑗)𝑘(𝑗 =

1,2,3, … , 𝑞)iareitheiPochammarisymbols. 

 

1.4.11iTheiM-series:i 

TheiM-seriesiisiaiparticularicaseiofitheiH-

ifunctioniofiInayatiHussain,i[110].iItiplaysiaispecialiroleiinitheiapplicationsi

ofifractionalicalculusioperatorsiandiinitheisolutionsiofifractionaliorderidiffer

entialiequations.iTheiHypergeometricifunctioniandiMittag-



(41) 
 

Lafflerifunctionifollowiasiitsiparticularicase.iTherefore,iitiisiveryiinteresting

.iTheiM-seriesiwasiintroducedibyiSharmai[291]: 

𝑀𝑞
𝛼

𝑝
0 (𝑎1𝑖𝑖. 𝑖𝑖. 𝑖𝑖. 𝑎𝑝; , 𝑏1𝑖. 𝑖𝑖. 𝑖𝑖. 𝑖𝑏𝑞; 𝑧0) 

= ∑
(𝑎1)𝑘𝑖. 𝑖𝑖. 𝑖𝑖. 𝑖(𝑎𝑝)

𝑘

(𝑏1)𝑘𝑖𝑖. 𝑖𝑖. 𝑖𝑖. (𝑏𝑞)
𝑘

∞

𝑘=𝑜

𝑧𝑘

Γ(𝛼𝑘 + 1)
… (1.4.11.1) 

Here,iα,𝛽iϵiC,i𝑅(𝛼) > 0, (𝑎𝑗)𝑘(𝑏𝑗)𝑘areipochammerisymbols. 

1.4.12iTheiGeneralizediM-series: 

TheiGeneralizediM-

seriesiisigivenibyiSharmaiandiJaini[]iini2009iandidefinediasifollows: 

𝑀𝑞
𝛼,𝛽

𝑝
0 (𝑎1𝑖 … 𝑎𝑝; 𝑏1 … 𝑖𝑏𝑞; 𝑧) 

= ∑
(𝑎1)𝑘𝑖𝑖 … 𝑖(𝑎𝑝)

𝑘𝑖

(𝑏1)𝑘 … (𝑏𝑞)
𝑘

∞

𝑘=𝑜

𝑧𝑘

Γ(𝛼𝑘 + 𝛽)
𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.12.1) 

Herei𝛼, 𝑖𝛽𝑖𝜖𝑖𝐶,𝑅(𝛼) > 0, 𝑖𝑖𝑅(𝛽) >

0;i(𝑎𝑗)𝑘𝑖 , (𝑏𝑗)𝑘𝑖𝑖areipochammerisymbols. 

 

1.4.13iTheiR-Function: 

TheiR-functioniisiintroducedibyiLorenzoiandiHartlyi(1999). 

𝑅𝑞,𝑣[𝑎, 𝑐, 𝑡] = ∑
(𝑎)𝑛(𝑡 − 𝑐)(𝑛+1)𝑞−1−𝑣

Γ((𝑛 + 1)𝑞 − 𝑣)

∞

𝑛=0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.4.13.1) 

TheiLaplaceiTransformiofitheiR-functioniis 
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𝐿{𝑅𝑞,𝑣[𝑎, 𝑐, 𝑡]} = ∑
(𝑎)𝑛

Γ((𝑛 + 1)𝑞 − 𝑣)
𝐿((𝑡 − 𝑐)(𝑛+1)𝑞−1−𝑣)

∞

𝑛=0

 

…ii(1.4.13.2) 

Onitakingi𝑐 = 0,iweihavei 

𝐿{𝑅𝑞,𝑣[𝑎, 0, 𝑡]} = ∑
(𝑎)𝑛

Γ((𝑛 + 1)𝑞 − 𝑣)
𝐿((𝑡)(𝑛+1)𝑞−1−𝑣)

∞

𝑛=0

… (1.4.13.3) 

FromiErdelyii(1954),iweihave 

𝐿(𝑡𝑣) = Γ(𝑣 + 1)s−𝑣−1, 𝑖𝑅𝑒(𝑣) > −1, 𝑖𝑅𝑒(𝑠) > 0. 𝑖𝑖𝑖𝑖 … 𝑖(1.4.14.4) 

Applyingitheiaboveiequation,iweiget, 

𝐿{𝑅𝑞,𝑣[𝑎, 0, 𝑡]} = ∑
(𝑎)𝑛

s(𝑛+1)𝑞−𝑣

∞

𝑛=0

, 𝑖𝑅𝑒((𝑛 + 1)𝑞 − 𝑣) > 0, 𝑖𝑅𝑒(𝑠) > 0 

𝐿{𝑅𝑞,𝑣[𝑎, 0, 𝑡]} =
1

𝑠−𝑣
∑

(𝑎)𝑛

s(𝑛+1)𝑞

∞

𝑛=0

, 𝑖 

𝑅𝑒((𝑛 + 1)𝑞 − 𝑣) > 0, 𝑖𝑅𝑒(𝑠) > 0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.4.13.5) 

Thisicanibeiwritteniasiaigeometriciseriesithaticonvergesiwheni

|𝑎 𝑠𝑞⁄ | < 1.iiticanibeishownibyitheilongidivisionithat 

𝐿{𝑅𝑞,𝑣[𝑎, 0, 𝑡]} =
𝑠𝑣

s𝑞 − 𝑎
, 𝑖𝑅𝑒(𝑞 − 𝑣) > 0, 𝑖𝑅𝑒(𝑠) > 0𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.4.13.6) 

Ifi𝑐 ≠ 0iandiusingitheishiftingitheoremitheniLaplaceiTransformiofiR-

function 
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𝐿{𝑅𝑞,𝑣[𝑎, 𝑐, 𝑡]} =
𝑒−𝑐𝑠𝑠𝑣

s𝑞 − 𝑎
, 𝑖𝑐 ≥ 0, 𝑅𝑒((𝑛 + 1)𝑞 − 𝑣) > 0, 𝑖𝑅𝑒(𝑠) > 0 

1.5. DefinitioniandiPropertiesiofiFractionaliIntegralsiandi 

 Derivatives: 

Inithisisection,iweipresentidefinitionsiandipropertiesiofivariousioperat

orsiofifractionalicalculus.iTheseiincludeitheiRiemann-

Liouvilleifractionaliintegraliandidifferentialioperator,iWeylioperatorsiandiC

aputoioperator,ietc. 

1.5.1iTheiRight-SidediRiemann-LiouvilleiFractionaliIntegral: 

Theiright-sidediRiemann-

Liouvilleifractionaliintegraliofiorderi𝛼iisidefinedibyiMilleriandiRossi[15,ip.

45],iSamkoi[260]: 

𝐷𝑎
𝑅𝐿

𝑡
−𝛼𝑓(𝑡) =

1

Γ(𝛼)
∫(𝑡 − 𝜏)𝛼−1𝑓(𝜏)𝑑𝜏,

𝑡

𝑎

𝑖𝑖𝑖𝑖𝑖𝑡

> 𝑎𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.5.1.1) 

where, 𝑖𝑅𝑒(𝛼) > 0. 

1.5.2iTheiRight-SidediRiemann-LiouvilleiFractionaliDerivative: 

Theiright-sidediRiemann-

Liouvilleifractionaliderivativeiofiorderi𝛼iisidefinedias 

𝐷𝑎
𝑅𝐿

𝑡
𝛼𝑓(𝑡) = (

𝑑

𝑑𝑥
)

𝑛

{𝐼𝑎
𝑛−𝛼𝑓(𝑡)}, 𝑖𝑅𝑒(𝛼) > 0, 𝑖𝑛 = [𝑅𝑒(𝛼) + 1] 
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…i(1.5.2.1) 

wherei[𝛼]irepresentsianiintegralipartiofitheinumberi𝛼. 

 

1.5.3iRiemann-LiouvilleiLeft-SidediFractionaliIntegrals: 

TheiRiemann-Liouvilleileft-sidedifractionaliintegralsiofiorder𝛼. 

Leti𝑓(𝑥) ∈ 𝐿(𝑎, 𝑖𝑏), 𝑖𝛼 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0,ithen 

𝐼𝑎
0

𝑥
𝛼𝑓(𝑥) = 𝐷𝑎

0
𝑥
−𝛼𝑓(𝑥) = 𝐼𝑎

0
𝑎+
𝛼 𝑓(𝑥) =

1

Γ(𝛼)
∫

𝑓(𝑡)𝑑𝑡

(𝑥 − 𝑡)1−𝛼
, 𝑖𝑥 > 𝑎𝑖

𝑥

𝑎

 

…i(1.5.3.1) 

1.5.4iRiemann-LiouvilleiRight-SidediFractionaliIntegrals: 

TheRiemann-Liouvilleiright-sidedifractionaliintegralsiofiorderi𝛼 

Leti𝑓(𝑥) ∈ 𝐿(𝑎, 𝑖𝑏), 𝑖𝛼 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0,ithen 

𝐼𝑥
0

𝑏
𝛼𝑓(𝑥) = 𝐷𝑥

0
𝑏
−𝛼𝑓(𝑥) = 𝐼𝑎

0
𝑏−
𝛼 𝑓(𝑥) =

1

Γ(𝛼)
∫

𝑓(𝑡)𝑑𝑡

(𝑥 − 𝑡)1−𝛼
, 𝑖𝑥 < 𝑏𝑖

𝑏

𝑥

 

… 𝒊(1.5.4.1)𝑖 

1.5.5iRiemann-LiouvilleiLeft-SidediFractionaliDerivative: 

TheiRiemann-Liouvilleileft-sidedifractionaliderivativeiofiorder𝛼 
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𝐷𝑎
0

𝑥
𝛼𝑓(𝑥) =

1

Γ(n − 𝛼)
(

𝑑

𝑑𝑥
)

𝑛

∫
𝑓(𝑡)𝑑𝑡

(𝑥 − 𝑡)𝛼−𝑛+1
, 𝑖

𝑥

𝑎

(𝑛 = [𝛼] + 1) … (1.5.5.1) 

Wherei[𝛼]idenotesianiintegralipartiof𝛼. 

 

1.5.6iRiemann-LiouvilleiRight-SidediFractionaliDerivative: 

TheiRiemann-Liouvilleiright-sidedifractionaliderivativeiofiorder𝛼. 

𝐷𝑥
0

𝑏
𝛼𝑓(𝑥) =

(−1)𝑛

Γ(n − 𝛼)
(

𝑑

𝑑𝑥
)

𝑛

∫
𝑓(𝑡)𝑑𝑡

(𝑥 − 𝑡)𝛼−𝑛+1
, 𝑖

𝑏

𝑥

(𝑛 = [𝛼] + 1) … (1.5.6.1) 

wherei[𝛼]idenotesianiintegralipartiofi𝛼. 

1.5.7iModifiediRiemann-LiouvilleiFractionaliDerivative: 

TheiModifiediRiemann-Liouvilleifractionaliderivativeiofiorderi𝛼: 

𝐷0
0

𝑥
𝛼 = 𝑖

1

Γ(1 − 𝛼)

𝑑

𝑑𝑥
∫(𝑥 − 𝜉)𝛼(𝑓(𝜉) − 𝑓(0))𝑑𝜉

𝑥

0

, 𝑖0 < 𝛼 < 1) 

…ii(1.5.7.1) 

1.5.8iCaputoiFractionaliDerivative: 

TheiCaputoifractionaliderivativeiofiorderi𝛼>i0iisiintroducedibyiCaput

oi[37]iinitheiformi(ifi𝑚 − 1 < 𝛼 ≤ 𝑚, 𝑖𝑅𝑒(𝛼)𝑖 > 𝑖0, 𝑖𝑚 ∈ 𝑁): 

𝐷𝑎
𝑐

𝑡
𝛼𝑓(𝑡) =

1

Γ(𝑚 − 𝛼)
∫

𝑓𝑚(𝜏)𝑑𝜏

(𝑡 − 𝜏)𝛼+1−𝑚

𝑡

0
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=
𝑑𝑚𝑓(𝑡)

𝑑𝑡𝑚
, 𝑖if𝛼 = 𝑚 … 𝑖𝑖(1.5.8.1) 

wherei
𝑑𝑚𝑓(𝑡)

𝑑𝑡𝑚
iisithein-thiderivativeiofiorderimiofitheifunctioni𝑓(𝑡)for𝑡. 

Or 

𝐷0
𝑐

𝑥
𝛼𝑓(𝑥) =

1

Γ(1 − 𝛼)
∫

𝑓′(𝑡)

(𝑥 − 𝑡)𝛼
𝑑𝑡, 𝑖

𝑥

0

where𝑖0 < 𝛼 < 1)𝑖𝑖𝑖 … 𝑖𝑖(1.5.8.2) 

 

1.5.9iTheiWeyliFractionaliIntegral: 

𝑊𝑥
0

∞
𝛼𝑓(𝑥) =

1

Γ(𝛼)
∫(𝑥 − 𝑡)𝛼𝑓(𝑡)𝑑𝑡𝑖, 𝑖

∞

0

 

wherei𝛼 ∈ 𝐶, 𝑖𝑅𝑒(𝛼) > 0, (−∞ < 𝑥 < ∞)𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.5.9.1) 

1.5.10iTheiWeyliFractionaliDerivative:  

𝐷𝑥
0

∞
𝛼 𝑓(𝑥) = 𝐷𝑥

0
−
𝛼𝑓(𝑥) = (−1)𝑚 (

𝑑

𝑑𝑥
)

𝑚

𝑊𝑥
0

∞
𝑚−𝛼𝑓(𝑥) 

= (−1)𝑚 (
𝑑

𝑑𝑥
)

𝑚 1

Γ(𝑚 − 𝛼)
∫

𝑓(𝑡)

(𝑡 − 𝑥)1+𝛼−𝑚
𝑑𝑡𝑖, 𝑖

∞

𝑥

(−∞ < 𝑥 < ∞) 
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wherei𝛼 ∈ 𝐶, 𝑖𝑚 ∈ 𝑁, 𝑚 − 1 < 𝛼 < 𝑚𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.5.10.1) 

𝐼0−
𝛼 𝑓(𝑥) =

1

𝛤(𝛼)
∫(𝑡 − 𝑥)𝛼−1𝑓(𝑡)𝑑𝑡𝑖

∞

𝑥

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.5.11.2) 

areione-dimensionaliRiemann-

LiouvilleiandiWeyliintegralioperators,irespectively. 

 

 

 

1.6.1iBasiciPropertiesiofiFractionaliIntegrals: 

Fractionaliintegralsihaveitheifollowingiproperties:i 

1.iFractionaliintegralsiobeyitheisemi-

groupipropertyiwhichiisiasifollows:i 

𝐼𝑥
𝛼

𝑎
0 𝐼𝑥

𝛽
𝑎
0 ∅ = 𝐼𝑥

𝛼+𝛽
𝑎
0 ∅ = 𝐼𝑥

𝛽
𝑎
0 𝐼𝑥

𝛼
𝑎
0 ∅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.6.1.1) 

𝐼𝑏
𝛼

𝑥
0 𝐼𝑏

𝛽
𝑥
0 ∅ = 𝐼𝑏

𝛼+𝛽
𝑥
0 ∅ = 𝐼𝑏

𝛽
𝑥
0 𝐼𝑏

𝛼
𝑥
0 ∅ 

2.iTheiintegrationibyipartsiforifractionaliintegralsiisidefinediby 

∫ 𝑓(𝑥)( 𝐼𝑥
𝛼

𝑎
0 𝑔)𝑑𝑥

𝑏

𝑎

= 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.6.1.2) 

 

1.6.2iBasiciPropertiesiofiWeyliIntegral: 

1.iWeylifractionaliintegraliobeysitheisemigroupiproperties,ii.e. 

𝑤∞
𝛼

𝑥
0 𝑤∞

𝛽
𝑥
0 𝑓 = 𝑤∞

𝛼+𝛽
𝑥
0 𝑓 = 𝑤∞

𝛽
𝑥
0 𝑤∞

𝛼
𝑥
0 𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(1.6.2.1) 
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2.iWeylifractionaliintegraliobeysitheiParsevaliequalityiwhichiisialsoik

nowniasifractionaliintegralibyiparts: 

∫ 𝑓(𝑥)( 𝑤∞
𝛼

𝑥
0 𝑔(𝑥))𝑑𝑥

∞

0

= ∫( 𝑤∞
𝛼

𝑥
0 𝑓(𝑥))𝑔(𝑥)𝑑𝑥

∞

0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(1.6.2.2) 

Initheipresentithesis,ianiattemptihasibeenimadeitoideriveisomeitheoreticalia

pplicationsiofifractionalicalculusiinitheifieldiofimechanicaliengineering,ielec

tricaliengineering,iandiphysics.iWeihaveiintroducediaifractionaligeneralizati

oniofitheistandardikineticiequationiandiainewispecialifunctionigivenibyiauth

orsiandialsoiestablisheditheisolutioniforitheicomputationali 

extensioniofitheiAdvancedifractionalikineticiequation.iAlso,ithei1-

Dimensionalifractaliheat-conductioniproblemiiniaifractalisemi-

infiniteibarihasibeenidevelopedibyilocalifractionalicalculusi(Calculusiofiarbi

traryiorder)iemployingitheianalyticaliAdvancediYang-

Fourieritransformsimethod.iBesides,iweihaveiobtainediaisolutioniofigenerali

zediFractionaliintegrodifferentialiequationiofiLCRicircuitiusingihypergeome

triciseriesiinitermsiofiMittag-

Lefflerifunction.iIniaddition,iweihaveiobtaineditheiclosed-

formisolutioniofifractionalidifferentialiequationiassociatediwithiNewton’sila

wiofifractionaliorderiandifractionaliharmonicioscillatoriproblemiinitermsiofi

theiMittag-Lefflerifunction. 
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Chapteri2 

FractionaliCalculusiApproachiiniRLCicircuitiusing 

HypergeometriciSeries 

2.1iIntroduction: 

 Theifractionalicalculusiapproachiisiappliediinisolvingidifferenti

aliequationiwhichiisiassociatediwithianielectricalicircuitii.e.iRLCicircuitiusi

ngihypergeometriciseries.iTheisolutioniofitheifractionalidifferentialiequation

iofitheiRLCicircuiticomesiinitheiformiofitheiMittag-

LefflerifunctioniandiAliiet.al.[8]iresultsiareispecialicasesiofiourimainiresult. 

2.2iElectricaliCircuit[8]: 

Inithisisection,iweipresentitheithreeielementsiofitheiRLCielectricalicircuitiw

hereiCiisiaicapacitance,iLiisiinductance,iRiisiresistanceiandiweiconsideriher

eitheionlyipositiveivalueiofiallitheseiconstants. 
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TheiconstitutiveiequationsiassociatediwithithreeielementsiofitheiRLCielectri

calicircuitiareidefinediasiunder: 

TheivoltageidropiacrossiresistanceiR=𝑈𝑅(𝑡) = 𝑅𝐼(𝑡), 

WhereiIi(t)iisicurrent. 

TheivoltageidropiacrossiinductoriL=i𝑈𝐿(𝑡) = 𝐿
𝑑𝐼

𝑑𝑡
 

AnditheivoltageidropiacrossicapacitanceiC=i𝑈𝑐(𝑡) =
1

𝑐
∫ 𝐼(𝑣)𝑑𝑣

𝑡

0
 

Kirchhoffilaw:Theialgebraicisumiofitheivoltageidropiaroundianyiclosedicirc

uitiisiequalitoitheiresultantiEMFiinitheicircuit. 

ByiapplyingitheiKirchhoffilawiinitheinon-homogeneousisecond-

orderiordinaryidifferentialiequations.iWeigeti 

RC
𝑑2𝑈𝑐(𝑡)

𝑑𝑡2
+

𝑑𝑈𝑐(𝑡)

𝑑𝑡
+

𝑅

𝐿
𝑈𝑐(𝑡) =

𝑑

𝑑𝑡
𝜃(𝑡) 

…i(2.2.1) 

Wherei𝑈𝑐(𝑡)iisitheivoltageionitheicapacitor,iitiisisimilaritoitheiinductoriasi

weicaniseeiinitheifigureibecauseitheseiareiconnectediiniparalleli[8]. 
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Again,iconsiderianotherinon-homogeneousisecond-

orderiordinaryidifferentialiequationiassociatediwithicurrentionitheiinductoria

sifollows: 

RLC
𝑑2𝐼𝐿(𝑡)

𝑑𝑡2
+ 𝐿

𝑑𝐼𝐿(𝑡)

𝑑𝑡
+ 𝑅𝐼𝐿(𝑡) = 𝜃(𝑡) 

…i(2.2.2) 

Usingitheiconstitutiveiequationiforitheiinductor,itheseitwoinon-

homogeneousisecond-

orderiordinaryidifferentialiequationsicanibeileditoicorrespondentiintegrodiff

erentialiequations,itheniweigeti 

𝑅
𝑑𝑖𝑐(𝑡)

𝑑𝑡
+

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶
∫ 𝑖𝑐(

𝑡

0

𝑣)𝑑𝑣 =
𝑑

𝑑𝑡
𝜃(𝑡) 

…i(2.2.3) 

𝑅𝐶
𝑑𝑈𝐿(𝑡)

𝑑𝑡
+ 𝑈𝐿(𝑡) +

𝑅

𝐿
∫ 𝑈𝐿(

𝑡

0

𝑣)𝑑𝑣 = 𝜃(𝑡) 
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…i(.22.4) 

Weiconsideritheiinitialiconditioni𝐼𝑐(𝑡) = 0iati𝑡 =

0𝑖i.e.itheiinitialicurrentionitheicapacitoriisizeroiandiweigetitheisolutioniinite

rmsiofianiexponentialifunctioni[8] 

2.3.iFractionaliintegrodifferentialiequation: 

 Theifractionaliintegrodifferentialiequationiwithicur

rentionitheicapacitoriisiasi: 

R
𝑑𝛼

𝑑𝑡𝛼
𝑖𝑐(𝑡) +

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶

1

Γ(𝛼)
∫ (𝑡 − 𝑣)𝛼−1𝑡

0
𝑖𝑐(𝑣)𝑑𝑣 =

𝑑𝜃(𝑡)

𝑑𝑡
 

…i(2.3.1) 

TheiclassicaliintegrodifferentialiequationiisiassociatediwithitheiRLCielectric

alicircuitibecauseifori𝛼=1iweiimproveitheiresultigetiiniequationi(3.1).iItsire

placementiisiveryiimportantiinidiscussingitheicorrespondinginumericaliprobl

emiforiaiparticularivalueiofitheiparameteribecauseitheisolutioniisiobtainedii

nitermsiofiaiclosediexpressioni[8] 

TheiLaplaceiintegralitransform 

𝐿[𝑖𝑐(𝑡)] = 𝐹(𝑠) = ∫ 𝑒−𝑠𝑡
∞

0

𝑖𝑐(𝑡)𝑑𝑡𝑖, 𝑖𝑖𝑅𝑒(𝑠) > 0 

…i(2.3.2) 

Leti𝜃(𝑡)=ihypergeometricfunctioniiniequationi(3.2) 

𝑅
𝑑𝛼

𝑑𝑡𝛼
𝑖𝑐(𝑡) +

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶

1

Γ(𝛼)
∫ (𝑡 − 𝑣)𝛼−1

𝑡

0

𝑖𝑐(𝑣)𝑑𝑣 =
𝑑𝜃(𝑡)

𝑑𝑡
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𝑅
𝑑𝛼

𝑑𝑡𝛼
𝑖𝑐(𝑡) +

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶

1

Γ(𝛼)
 

   ∫ (𝑡 − 𝑣)𝛼−1𝑡

0
𝑖𝑐(𝑣)𝑑𝑣 =

𝑑

𝑑𝑡
[ 𝐹𝑞𝑝

0 (t)] 

…i(3.3) 

𝑅
𝑑𝛼

𝑑𝑡𝛼
𝑖𝑐(𝑡) +

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶

1

Γ(𝛼)
 

∫ (𝑡 − 𝑣)𝛼−1
𝑡

0

𝑖𝑐(𝑣)𝑑𝑣 =
𝑑

𝑑𝑡
[ ∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑡𝑘

𝑘!
] 

…i(2.3.3) 

𝑅
𝑑𝛼

𝑑𝑡𝛼
𝑖𝑐(𝑡) +

1

𝑐
𝑖𝑐(𝑡) +

𝑅

𝐿𝐶

1

Γ(𝛼)
 

∫ (𝑡 − 𝑣)𝛼−1
𝑡

0

𝑖𝑐(𝑣)𝑑𝑣 = [ ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑘𝑡𝑘−1

Γ(𝑘 + 1)
] 

…i(2.3.4) 

ApplyingitheiLaplaceitransformiofibothisides,iweiget 

𝑅𝑠𝛼𝐹(𝑠) +
𝐹(𝑠)

𝐶
+

𝑅

𝐿𝐶

𝐹(𝑠)

𝑆𝛼
= ∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑘Γ(𝑘)

Γ(𝑘 + 1)

1

𝑠𝑘
 

…i(2.3.5) 

𝐹(𝑠)[𝑅𝑠𝛼+
1

𝐶
+

𝑅

𝐿𝐶𝑖𝑆𝛼
] 
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= ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

1

𝑠𝑘
 

…i(2.3.6) 

𝑅𝐹(𝑠) = ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

1

𝑠𝑘

1

[𝑆𝛼 +
1

𝑅𝐶
+

1

𝐿𝐶𝑖𝑆𝛼
]
 

…i(2.3.7) 

Leti𝑎 =
1

𝑅𝐶
𝑖, 𝑖𝑖𝑖𝑏 =

1

𝐿𝐶𝑖
 

𝑅𝐹(𝑠) = ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

1

𝑠𝑘[𝑆𝛼 + 𝑎 +
𝑏

𝑆𝛼
]
 

…i(2.3.8) 

𝑅𝐹(𝑠) = ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑆𝛼−𝑘

[𝑆2𝛼 + 𝑎𝑆𝛼 + 𝑏]
 

…i(2.3.9) 

𝐹(𝑠) =
1

𝑅
∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑆𝛼−𝑘

[𝑆2𝛼 + 𝑎𝑆𝛼 + 𝑏]
 

…i(2.3.10) 

TakingitheiinverseiLaplaceitransformiofibothisides,itheniweihave 

𝑖𝑐(𝑡) =
1

𝑅
∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝐿−1 {
𝑆𝛼−𝑘+1−1

𝑆2𝛼 + 𝐴𝑆𝛼 + 𝐵
} 
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…i(2.3.11) 

Weiknowitheifollowingirelationibyi[12] 

𝐿−1 {
𝑆𝛾−1

𝑆𝛼 + 𝐴𝑆𝛽 + 𝐵
} = 𝑡𝛼−𝛾 ∑(−𝐴)𝑟

∞

𝑟=0

 

    𝑡(𝛼−𝛽)𝑟𝐸𝛼,𝑖𝛼+1−𝛾+(𝛼−𝛽)𝑟
𝑟+1 (−𝐵𝑡𝛼) 

…i(2.3.12) 

Validifori|
𝐴𝑆𝛽

𝑆𝛼+𝐵
| < 1, 𝑖𝛼 ≥ 𝛽 

Usingitheirelationi(3.13),iweiget, 

𝐿−1 {
𝑆𝛼−𝑘+1−1

𝑆2𝛼 + 𝑎𝑆𝛼 + 𝑏
} = 𝑡𝛼+𝑘−1 ∑(−𝑎)𝑟

∞

𝑟=0

𝑡𝛼𝑟𝐸2𝛼,𝑖𝛼+𝑘+𝛼𝑟
𝑟+1 (−𝑏𝑡2𝛼) 

…i(2.3.13) 

Comparingitheiaboveitheseiequationsi(3.13)iandi(3.14),itheniweiget 

𝑖𝑐(𝑡) =
1

𝑅
∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑏1𝑖)𝑘 … . (𝑖𝑏𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝐿−1 {
𝑆𝛼−𝑘+1−1

𝑆2𝛼 + 𝑎𝑆𝛼 + 𝑏
} 

…i(2.3.14) 

𝑖𝑐(𝑡) =
1

𝑅
∑

(𝑎1)𝑘 … (𝑎𝑝)
𝑘

(𝑏1)𝑘 … (𝑏𝑞)
𝑘

∞

𝑘𝑖=𝑖0

 

{𝑡𝛼+𝑘−1 ∑(−𝑎)𝑟

∞

𝑟=0

𝑡𝛼𝑟𝐸2𝛼,𝑖𝛼+𝑘+𝛼𝑟
𝑟+1 (−𝑏𝑡2𝛼)} 
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… (2.3.15)𝑖 

Hereii𝐸𝜇,𝑤
𝜌

(𝑡)iisitheiMittag-Lefflerifunctioniofithreeiparametersi 

SpecialiCases:i1.iWheni𝜃(𝑡) =

𝐹12
0 (a1, a2; ib1; t)=∑

(𝑎1𝑖)𝑘(𝑖𝑎2)𝑘

(𝑏1𝑖)𝑘

∞
𝑘𝑖=𝑖0

𝑡𝑘

𝑘!
isiaiGauss’siHypergeometricifunctioni

[9]itheniequationi(3.16)ireducesito 

 𝑖𝑐(𝑡) =
1

𝑅
∑

(𝑎1)𝑘(𝑎2)𝑘

(𝑏1)𝑘

∞
𝑘𝑖=𝑖0  

  

 {𝑡𝛼+𝑘−1 ∑ (−𝑎)𝑟∞
𝑟=0 𝑡𝛼𝑟𝐸2𝛼,𝑖𝛼+𝑘+𝛼𝑟

𝑟+1 (−𝑏𝑡2𝛼)}iiiiiii.iiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

…(2.3.16) 

2.iiWheni𝜃(𝑡) =

𝐹11
0 (a1; ib1; t)=∑

(𝑎1)𝑘

(𝑏1)𝑘

∞
𝑘𝑖=𝑖0

𝑡𝑘

𝑘!
isiaiconfluenthypergeometricifunction[9]thenie

quationi(3.17)ireducesito 

𝑖𝑐(𝑡) =
1

𝑅
∑

(𝑎1)𝑘

(𝑏1)𝑘

∞

𝑘𝑖=𝑖0

{𝑡𝛼+𝑘−1 ∑(−𝑎)𝑟

∞

𝑟=0

𝑡𝛼𝑟𝐸2𝛼,𝑖𝛼+𝑘+𝛼𝑟
𝑟+1 (−𝑏𝑡2𝛼)} 

…(2.3.17) 

3.iWheniweiputi(𝑎1𝑖)𝑘, … , (𝑎𝑝)
𝑘

= 1iandi(𝑏1𝑖)𝑘, … , (𝑏𝑞)
𝑘

=

1iandik=1iiniequationi(3.17)itheniweigetiAli’si[8]iresult 
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𝑖𝑐(𝑡) =
1

𝑅
{𝑡𝛼 ∑(−𝑎)𝑟

∞

𝑟=0

𝑡𝛼𝑟𝐸2𝛼,𝑖𝛼+1+𝛼𝑟
𝑟+1 (−𝑏𝑡2𝛼)} 

…(2.3.18) 

4.iWheniweiputi(𝑎1𝑖)𝑘, … , (𝑎𝑝)
𝑘

= 1iandi(𝑏1𝑖)𝑘, … , (𝑏𝑞)
𝑘

= 1iandik=2 

iniequationi(3.17)itheniweigetiAli’si[8]iresult 

𝑖𝑐(𝑡) =
1

𝑅
{𝑡𝛼+1 ∑(−𝑎)𝑟

∞

𝑟=0

𝑡𝛼𝑟𝐸22𝛼,𝑖𝛼+2+𝛼𝑟
𝑟+1 (−𝑏𝑡2𝛼)} 

…(2.3.19) 

Thisicompletesitheianalysis. 

 

 

2.4iConclusion: 

Theiapplicationsiofifractionalicalculusicanibeiseeniinimanyiareas.Itihasibeen

iplayedianiimportantiroleiinielectricaliengineering.iInithisichapter,weihaveio

btaineditheiclosed-

formisolutioniofifractionaliintegrodifferentialiequationiassociatediwithiRLCi

circuitusingitheihypergeometricifunctionsiinitermsiofiMittag-

LefflerifunctioniandiAli’si[8]iresultsiareispecialicasesiofiouriresult. 
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Chapteri3 

FRACTIONALiKINETICiEQUATIONS 

NEWiPARADIGM 

3.1 Introduction: 

 Theipresentichapteriaimsitoiexploreitheibehavioriofiphysicalian

dibiologicalisystemsifromitheipointiofiviewiofifractionalicalculus.iFractiona

licalculus,iintegration,iandidifferentiationiofiarbitraryiorifractionaliorderipro

videinewitoolsithatiexpanditheidescriptiveipowerioficalculusibeyonditheifa

miliariinteger-

ordericonceptsiofiratesiofichangeiandiareaiunderiaicurve.iFractionalicalculu

siaddsinewifunctionalirelationshipsiandinewifunctionsitoitheifamiliarifamily

iofiexponentialsiandisinusoidsithatiariseiinitheiareaiofiordinaryilinearidiffere

ntialiequations.iAmongisuchifunctionsithatiplayianiimportantirole,iweihaveit

heiEuleriGammaifunction,itheiEuleriBetaifunction,itheiMittag-

Lefflerifunctions,itheiWrightiandiFoxifunctions,iM-Function,K-

functionTheifirstiaccurateiuseiofiaiderivativeiofinon-

integeriorderiisidueitoitheiFrenchimathematicianiS.iF.iLacroixiini1819iwhoi

expresseditheiderivativeiofinon-

integeriorderi½iinitermsiofiLegendre’sifactorialisymboli. 

 Weigiveitheinewispecialifunction,icalledNewimodifiedGenerali

zediℳfunctioni[15],iwhichiisitheimostigeneralizationioftheiℳfunction.[14].
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iHere,iweigiveifirstitheinotationianditheidefinitioniofitheiNewiSpecialNewi

modifiedGeneralizediiℳfunction,iintroducedibyitheiauthorsiasifollows:i 

ℳ𝑞

𝑘1,…𝑘𝑝,𝑖𝑖𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌,𝜏 (𝑡)

= ∑
(𝑎1)𝑛 … (𝑎𝑝)

𝑛
(𝜏)𝑛(𝛾)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝛿)𝑛

(𝜌)𝑛

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

∏ (𝑚𝑖)𝑝
𝑖=1 (𝑡 − 𝑐)(𝑛+𝛾)𝛼−𝛽−1

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)

 

Thereiarei𝑝iupperiparametersi𝑎1,𝑖𝑎2,𝑖𝑖 … 𝑎𝑝andi𝑞iloweriparameters

𝑏1,𝑖𝑖𝑏2, … 𝑏𝑞,𝛼, 𝑖𝑖𝛽, 𝑖𝑖𝛾, 𝛿, 𝜌, 𝑚𝜖𝐶,𝑅𝑒(𝛼) > 0,𝑅𝑒(𝛽) > 0,𝑅𝑒(𝛾) >

0,𝑅𝑒(𝛿) > 0,i𝑅𝑒(𝜌) > 0,𝑖𝑅𝑒(𝜏) > 0𝑅𝑒(𝛼𝛾 − 𝛽) >

0andi(𝑎𝑗)𝑘(𝑏𝑗)𝑘areipochammerisymbolsiandi𝑘1, … 𝑘𝑝, 𝑖𝑖𝑙1, … 𝑙𝑞areiconstants

.Theifunctioni(1)iisidefinediwheninoneiofitheidenominatoriparametersi

𝑏𝑗𝑠, 𝑖𝑖𝑗 =

1,2, … 𝑞iisiainegativeiintegeriorizero.iIfianyiparameteri𝑎𝑗iisinegativeithenith

eifunctioni(1)iterminatesiintoiaipolynomialiini(𝑡 − 𝑐). 

3.2 Relationshipiofithei ℳ𝑞

𝑘1,…𝑘𝑝,𝑖𝑖𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌,𝜏

FunctioniandiOtheri 

 SpecialiFunctions: 

 Inithisisection,iweidefineditheirelationshipiofNewimodifiediGeneraliz

ediiℳfunctionandivariousispecialifunctions. 

Ifiweiputii(𝛿)𝑛𝑘 = (𝛿)𝑛𝑖𝑖𝑖𝑖𝑎𝑛𝑑𝑖(𝜌)𝑛𝑘 = (𝜌)𝑛𝑖(𝜏)𝑛 =

1andimi=1iiiiTheniiticonvertsiintoiℳ𝑖𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛i[15] 
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ℳ𝑞

𝑘1,…𝑘𝑝,𝑖𝑖𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡).

= ∑
(𝑎1)𝑛 … (𝑎𝑝)

𝑛
(𝛾)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝛿)𝑛

(𝜌)𝑛

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

(𝑡 − 𝑐)(𝑛+𝛾)𝛼−𝛽−1

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)

 

… (3.2.1) 

(i) For∏ (𝑛𝑖)!
𝑝
𝑖=1 = 1,𝑖(𝜏)𝑛 = 1iTheniEquationi(i)iConvertsiin 

ℳifunctioni[14] 

 ℳ𝑞

𝑘1,…𝑘𝑝,𝑖𝑖𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡)= 

∑
(𝑎1)𝑛 … (𝑎𝑝)

𝑛
(𝛾)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝛿)𝑛

(𝜌)𝑛

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

(𝑡 − 𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 

… (3.2.2) 

(i) For𝑖𝑘1 = 𝑎, 𝑖𝑘2 … 𝑘𝑝 = 1, 𝑖𝑙1, … 𝑙𝑞 = 1, 𝑖𝛿 = 1𝑖andi𝜌 =

1,∏ (𝑛𝑖)!
𝑝
𝑖=1 ∏ (𝑛𝑗)!

𝑞
𝑗=1 = 𝑛! (𝜏)𝑛 =

1𝐾4 −functioniisigivenibyiSharmai[13]i(2012), 

ℳ𝑞
𝑎,𝑖𝑖1;𝑐

𝑝
𝛼,𝛽,𝛾,1,1 (𝑡) = 

∑
(𝑎1)𝑛 … (𝑎𝑝)

𝑛
(𝛾)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

∞

𝑛=𝑜

𝑎𝑛

𝑛!

(𝑡 − 𝑐)(𝑛+𝛾)𝛼−𝛽−1

Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 

… (3.2.3) 

(ii) Ifiweitakeinoiupperiandiloweriparameteri(𝑝 = 𝑞 =

0)iiniequationi(3)ithenitheifunctionireducesitoitheiG Function,iwhi 

chiwasiintroducedibyiLorenzoiandiHartleyi[15]i(1999).  
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 ℳ1
𝑎,𝑖𝑖1;𝑐

1
𝛼,𝛽,𝛾,1,1 (𝑡) = 

∑
(𝛾)𝑛(𝑎)𝑛(𝑡 − 𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)

∞

𝑛=0

= 𝐺𝛼,𝛽,𝛾(𝑎, 𝑐, 𝑡) 

… (3.2.4) 

(iii) Takingi𝛾 =

1,iiniequationi(4),iweigetithei𝑅 −functionigivenibyiintroducedibyiLo

renzoiandiHartleyi[15]i(1999). 

 ℳ1
𝑎,𝑖𝑖1;𝑐

1
𝛼,𝛽,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡−𝑐)(𝑛+1)𝛼−𝛽−1

𝑛!Γ((𝑛+1)𝛼−𝛽)
∞
𝑛=0  

= 𝑅𝛼,𝛽[𝑎, 𝑡]𝛼 > 0, 𝑖𝛽 > 0, (𝛼 − 𝛽) > 0𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

… (3.2.5) 

Now,iweitakei𝑐 = 0,iinivariousistandardifunctions. 

(iv) Fori𝑖𝑐 =

0,iiniequationi(4),theiGeneralizediℳifunctionireducesitoiNewiGener

alizediMittag-LeffleriFunctioni[12] 

 ℳ1
𝑎,𝑖𝑖1

1
𝛼,𝛽,𝛾,1,1 (𝑡) = 𝑡𝛼𝛾−𝛽−1 ∑

(𝛾)𝑛(𝑎)𝑛(𝑡)𝛼𝑛

𝑛!Γ((𝑛+𝛾)𝛼−𝛽)
∞
𝑛=0  

= 𝑡𝛼𝛾−𝛽−1𝐸𝛼,𝛼𝛾−𝛽
𝛾 [𝑎𝑡𝛼] 

 

… (3.2.6) 

(v) Weitakei𝛾 = 1,iini(6)iobtainediGeneralizediMittag-LeffleriFunctioni 

 [12],iweiget 

 ℳ1
𝑎,𝑖𝑖1

1
𝛼,𝛽,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)(𝑛+1)𝛼−𝛽−1

Γ((𝑛+1)𝛼−𝛽)
∞
𝑛=0 = 𝑡𝛼−𝛽−1𝐸𝛼,𝛼−𝛽[𝑎𝑡𝛼] 

… (3.2.7) 
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(vi) Furtheri𝛽 = 𝛼 − 1in(6),ithisiGeneralizediℳifunctioniconvertsiintoi 

 Mittag-LeffleriFunctioni[6,7],iweihave 

ℳ1
𝑎,𝑖𝑖1

1
𝛼,𝛼−1,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)𝑛𝛼

Γ(𝑛𝛼 + 1)

∞

𝑛=0

= 𝐸𝛼[𝑎𝑡𝛼] 

… (3.2.8) 

(vii) Wheni𝑎 = 1, 𝑖𝑐 = 0𝑖andi𝛽 = 𝛼 − 𝛽iini(4)ithenitheiGeneralizediℳ 

 theifunctionitreatsiasiAgarwal’siFunctioni[1] 

ℳ1
1,𝑖𝑖1

1
𝛼,𝛼−𝛽,1,1,1 (𝑡) = ∑

(𝑡)𝑛𝛼+𝛽−1

Γ(𝑛𝛼 + 𝛽)

∞

𝑛=0

= 𝐸𝛼,𝛽[𝑡𝛼] 

… (3.2.9) 

(viii) RobotnoviandiHartleyiFunctioni[15]iisiobtainedifromiℳifunctionibyi 

 puttingi𝛽 = 0, 𝑖𝑎 = −𝑎, 𝑖𝑖𝑖𝑐 = 0in(5),iweihave 

ℳ1
−𝑎,𝑖𝑖1

1
𝛼,0,1,1,1 (𝑡) = ∑

(−𝑎)𝑛(𝑡)(𝑛+1)𝛼−1

Γ((𝑛 + 1)𝛼)

∞

𝑛=0

= 𝐹𝛼[−𝑎, 𝑡] 

… (3.210) 

(ix) Onisubstitutingi𝛼 = 1, 𝑖𝛽 = −𝛽iin(5),iweigetiMilleriandiRossi 

 Functioni[5]. 

ℳ1
𝑎,𝑖𝑖1

1
1,−𝛽,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)𝑛+𝛽

Γ(𝑛 + 𝛽 + 1)

∞

𝑛=0

= 𝐸𝑡[𝛽, 𝑖𝑎] 

… (3.2.11) 

(x) Letiusiconsideri𝑐 = 0iiniequation(4),ithisifunctioniconvertsiintoi 

 WrightiFunctioni[9].iWeihave, 
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ℳ1
𝑎,𝑖𝑖1

1
𝛼,𝛽,𝛾,1,1 (𝑡) =

𝑡𝛼𝛾−𝛽−1

Γ𝛾
𝜓1

0
1
. [

(𝛾, 𝑖1)

(𝛼𝛾 − 𝛽), 𝛼; 𝑎𝑡𝛼] 𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖(3.2.12) 

Wherei 𝜓1
0

1
. (𝑡)iisiaispecialicaseiofiwright’sigeneralizediHypergeometricifunc

tioni 𝜓𝑝
0

𝑞
. (𝑡). 

Or 

(xi) ThusiweigetiH-Functioni[9]ifromitheilasticase. 

ℳ1
𝑎,𝑖𝑖1

1
𝛼,𝛽,𝛾,1,1 (𝑡) = 𝑖

𝑡𝛼𝛿−𝛽−1

Γ𝛾
𝐻1,2

1,1 [−𝑎𝑡𝛼 |
(1 − 𝛾, 𝑖1)

(0,1)(1 − 𝛼𝛾 + 𝛽), 𝛼
] 

… (3.2.13) 

TheiLaplaceitransformiof(1),ifromiLorenzoi&iHartleyi[15]i(1999)iwithishif

tingitheoremi(Wylie,ip.281)iweihave 

 𝐿 { ℳ𝑞

𝑘1,…𝑘𝑝,𝑖𝑖𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡)} = 

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

∏ (𝑛𝑖)!
𝑝
𝑖=1

1

𝑙1
𝑛 … 𝑙𝑞

𝑛

𝑠𝛽𝑒−𝑐𝑠

{𝑠𝛼 + (𝑘1
𝑛 … 𝑘𝑝

𝑛)}
𝛾 

… (3.2.14) 

3.i GoverningiFractionaliKineticiEquation: 

 Letiusidefineianiarbitraryireactionithatiisidependentionitimei𝑁𝑖 =

𝑖𝑁(𝑡).iItiisipossibleitoicalculateitheirateiofichangeidN/dtitoiaibalanceibetwe

enitheidestructioniratedianditheiproductionirateipiofiN,ithen 

𝑑𝑁

𝑑𝑡
= 𝑖 − 𝑑 + 𝑝. 
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TheiproductionioridestructioniatitimeitidependsinotionlyioniN(t)ibutialsoion

itheipreviousihistoryi𝑁(𝑡1), 𝑖𝑖𝑡1 < 𝑖𝑡,iofitheivariableiN. 

ThisiwasirepresentedibyiHauboldiandiMathaii[99]iasifollows: 

𝑑𝑁

𝑑𝑡
= 𝑖 − 𝑑𝑖(𝑁𝑡𝑖)

+ 𝑖𝑝(𝑁𝑡), 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖𝑖(3.3.1) 

wherei𝑁(𝑡)𝑖denotesitheifunctionidefinediby 

𝑁𝑡(𝑡1)𝑖 = 𝑖𝑁(𝑡𝑖 − 𝑡1), 𝑖𝑡1 > 𝑖0. 

HauboldiandiMathaii[2]iconsiderediaispecialicaseiofithisiequationiwhenispa

tialifluctuationsiinhomogeneitiesiiniquantity𝑖𝑁(𝑡)iareineglected.ithisiisigive

nibyitheiequation 

𝑑𝑁𝑖

𝑑𝑡
= −𝑐𝑖𝑁𝑖(𝑡) 

… 𝑖𝑖𝑖𝑖(3.3.2) 

whereitheiinitialiconditionsiarei𝑁𝑖𝑖(𝑡𝑖 = 𝑖0)𝑖 =

𝑖𝑁0,iitheinumberidensityiofispeciesi𝑖iatitimei𝑡𝑖 =

𝑖0;iconstanti𝑐i>0,iisicallediistandardikineticiequationiandi𝑐i >

0iisiaiconstant. 

Theisolutioniofitheiequationi(15)iisiasifollows:\                                  

𝑁𝑖(𝑡)𝑖 =

𝑁0𝑒−𝑐𝑖𝑡iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…ii(3.3.3) 
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Or 

𝑁(𝑡) − 𝑖𝑁0𝑖 = 𝑖𝑐 𝐷𝑡
−1

0
. 𝑖𝑁(𝑡) 

… (3.3.4) 

Asi𝐷𝑡
−1areitheiintegralioperator,iHaubold,iandiMathaii[2]idescribeditheifrac

tionaligeneralizationiofitheistandardikineticiequationi(15)ias 

𝑁(𝑡)– 𝑖𝑁0𝑖 = 𝑖𝑐𝑣 𝐷𝑡
−𝑣

0
. 𝑖𝑁(𝑡) 

… 𝑖𝑖(3.3.5) 

Wherei𝐷𝑡
−𝑣iisitheiRiemann-

Liouvilleifractionaliintegralioperator;iMilleriandiRossi[5])idefinediby 

𝐷𝑡
−𝑣

0
. 𝑁(𝑡) =

1

𝛤(𝜈)
∫(𝑡𝑖– 𝑖𝑢)𝑣−1𝑓(𝑢)𝑑𝑢, 𝑖𝑖𝑖𝑖𝑖𝑅(𝑣) > 0, 𝑖𝑖

𝑡

0

… 𝑖𝑖(3.3.6) 

Theisolutioniofitheifractionalikineticiequationi(18)iisigivenibyi(seeiHaubold

iandiMathaii[2]) 

𝑁(𝑡)

= 𝑁0 ∑
(−1)𝑣𝑘

Γ(𝑣𝑘 + 1)
(𝑐𝑡)𝑣𝑘

∞

𝑘=0

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 … 𝑖𝑖(3.3.7) 

Also,iSaxena,iMathai,iandiHauboldi[12]istudieditheigeneralizationsiofitheifr

actionalikineticiequationiinitermsiofitheiMittag-

LefflerifunctionsiwhichiisitheiextensioniofitheiworkiofiHauboldiandiMathaii

[2].i 
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Initheipresentiwork,iweistudieditheigeneralizedifractionalikineticiequation.i

Theiadvancedigeneralizedifractionalikineticiequationiandiitsisolution,iobtain

ediinitermsiofitheiℳ −function,i 

 

4 iAdvancediGeneralizediFractionaliKineticiEquations: 

 Inithisisection,iweiinvestigateitheisolutioniofitheiadvancedigeneralize

difractionalikineticiequation.iTheiresultsiareiobtainediiniaicompactiformiinit

ermsiofiNewimodifiediGeneralizediiℳfunction.iTheiresultiisipresentediinit

heiformiofiaitheoremiasifollows: 

 

 

 

Theoremi1: 

 Ifi𝑏 ≥ 𝑖0, 𝑖𝑖𝑐𝑖 > 𝑖0, 𝑖𝑖𝛼 > 0, 𝑖𝑖𝛽 > 0, 𝑖𝑖𝛾 > 0, 𝑖𝑖𝛿 > 0, 𝑖𝑖𝜌 >

0iandi(𝛾𝛼 − 𝛽) >

0thaniforitheisolutioniofitheiAdvancedigeneralizedifractionalikineticiequatio

n 

 𝑁(𝑡)– 𝑖𝑁0 ℳ𝑞
−𝑐𝛼,𝑖𝑖𝑏1,…𝑏𝑛;𝑏

𝑝
𝛼,𝛽,𝛾,𝛿𝜏,𝜌 (𝑡) = 

−𝑖 ∑ (
𝑛

𝑟
)

𝑛

𝑟=1

𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡) 

… (3.4.1) 

Then 

𝑁(𝑡) = 𝑖𝑁0 ℳ𝑞
−𝑐𝛼,𝑖𝑖𝑏1,…𝑏𝑛;𝑏

𝑝
𝛼,𝛽,(𝛾+𝑛),𝛿𝜏,𝜌 (𝑡) 
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… (3.4.2) 

Proof.iWeihave, 

𝑁(𝑡)– 𝑖𝑁0 ∑
(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)

𝑛𝑖
(𝛾)𝑛(𝜏)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝛿)𝑛

(𝜌)𝑛

∞

𝑛=𝑜

(−𝑐𝛼)𝑛

𝑏1
𝑛 … 𝑏𝑞

𝑛 

∏ (𝑚𝑖)
𝑝
𝑖=1 (𝑡 − 𝑏)(𝑛+𝛾)𝛼−𝛽−1

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)

 

= 𝑖 − 𝑖 ∑ (
𝑛

𝑟
)

𝑛

𝑟=1

𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡) 

… (3.4.3) 

TakingitheiLaplaceitransformsiofibothitheisidesiofiequationi(24),iweiget 

𝐿{𝑁(𝑡)}– 𝐿𝑖 {𝑁0 ∑
(𝑎1)𝑛𝑖𝑖…𝑖(𝑎𝑝)

𝑛𝑖
(𝛾)𝑛(𝜏)𝑛

(𝑏1)𝑛…(𝑏𝑞)
𝑛

∞
𝑛=𝑜

(𝛿)𝑛

(𝜌)𝑛

(−𝑐𝛼)𝑛

𝑏1
𝑛…𝑏𝑞

𝑛

∏ (𝑚𝑖)
𝑝
𝑖=1 (𝑡−𝑏)(𝑛+𝛾)𝛼−𝛽−1

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛!Γ((𝑛+𝛾)𝛼−𝛽)

} =

=

−𝐿{∑ (𝑛
𝑟
)𝑛

𝑟=1 𝑐𝑟𝛼 𝐷𝑡
−𝑟𝛼

0
. 𝑖𝑁(𝑡)}iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.iiiiiiiiii…ii(3.4.4) 

FromiLorenzoi&iHartleyi[160]i(1999)iusingitheishiftingitheoremiforiLaplac

eitransform,iweihave 

𝑁(𝑠) − 𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝜏)𝑛

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝛿)𝑛

(𝜌)𝑛

∏ (𝑚𝑖
𝑝
𝑖=1 )

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛! 𝑏1

𝑛 … 𝑏𝑞
𝑛

𝑠𝛽𝑒−𝑏𝑠

(𝑠𝛼 + 𝑐𝛼)𝛾
 

= − {∑ (
𝑛

𝑟
)

𝑛

𝑟=1

𝑐𝑟𝛼𝑠−𝑟𝛼𝑖𝑁(𝑠)} 

… (3.4.5) 

Or, 

𝑁(𝑠) − 𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛

∏ (𝑚𝑖)
𝑝
𝑖=1

𝑏1
𝑛 … 𝑏𝑞

𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛!

𝑠𝛽𝑒−𝑏𝑠

(𝑠𝛼 + 𝑐𝛼)𝛾
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= −[ 𝑐1𝑐𝛼𝑠−𝛼
0
𝑛 + 𝑐2𝑐2𝛼𝑠−2𝛼 … 𝑐𝑛𝑐𝑛𝛼𝑠−𝑛𝛼

0
𝑛

0
𝑛 ]𝑁(𝑠) 

… (3.4.6) 

𝑁(𝑠)(1 + 𝑐𝛼𝑠−𝛼)𝑛 = 

𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛

∏ (𝑚𝑖)
𝑝
𝑖=1

𝑏1
𝑛 … 𝑏𝑞

𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛!

𝑠𝛽−𝛼𝛾𝑒−𝑏𝑠

(1 + 𝑐𝛼𝑠−𝛼)𝛾
 

… 𝑖𝑖𝑖(3.4.7) 

𝑁(𝑠) = 𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛
 

∏ (𝑚𝑖)
𝑝
𝑖=1

𝑏1
𝑛 … 𝑏𝑞

𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑛!

𝑠𝛽−𝛼𝛾𝑒−𝑏𝑠

(1 + 𝑐𝛼𝑠−𝛼)𝛾+𝑛
 

𝑖𝑖 … 𝑖𝑖(3.4.8) 

𝑁(𝑠) = 𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛

∏ (𝑚𝑖)
𝑝
𝑖=1

𝑏1
𝑛 … 𝑏𝑞

𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1

𝑠𝛽−𝛼(𝛾+𝑛)+𝑛𝛼𝑒−𝑏𝑠

(1 + 𝑐𝛼𝑠−𝛼)𝛾+𝑛
 

… (3.4.9) 

𝑁(𝑠) = 𝑁0

(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛

∏ (𝑚𝑖)
𝑝
𝑖=1

∏ (𝑛𝑖)!
𝑝
𝑖=1 𝑏1

𝑛 … 𝑏𝑞
𝑛 ∑ (

−𝑐𝛼

𝑠𝛼
)

𝑛∞

𝑛=𝑜

 

(𝛾 + 𝑛)𝑛𝑠𝛽−𝛼𝛾𝑒−𝑏𝑠

𝑛!
 

… (3.4.10) 

Now,itakingiinverseiLaplaceitransform,iweiget𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑁(𝑡) =

𝑁0

(𝑎1)𝑛𝑖𝑖…𝑖(𝑎𝑝)
𝑛𝑖

(𝑏1)𝑛…(𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛

(𝜌)𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1

1 ∏ (𝑚𝑖)
𝑝
𝑖=1

𝑏1
𝑛…𝑏𝑞

𝑛  

∑(−𝑐𝛼)𝑛
(𝛾 + 𝑛)𝑛

𝑛!

∞

𝑛=𝑜

𝐿−1{𝑠𝛽−𝛼𝛾−𝛼𝑛𝑒−𝑏𝑠} 
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… (3.4.11) 

𝑖𝑖𝑁(𝑡) = 𝑁0 ∑
(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)

𝑛𝑖

(𝑏1)𝑛 … (𝑏𝑞)
𝑛

(𝜏)𝑛(𝛿)𝑛 ∏ (𝑚𝑖)
𝑝
𝑖=1

(𝜌)𝑛 ∏ (𝑛𝑖)!
𝑝
𝑖=1

(−𝑐𝛼)𝑛

𝑏1
𝑛 … 𝑏𝑞

𝑛

∞

𝑛=𝑜

(𝛾 + 𝑛)𝑛

𝑛!
 

(𝑡 − 𝑏)𝛼𝛾+𝛼𝑛−𝛽−1

Γ((𝛾 + 𝑛)𝛼 − 𝛽)
 

… (3.4.12) 

𝑁(𝑡) = 𝑁0 ℳ𝑞
−𝑐𝛼,𝑖𝑖𝑏1,…𝑏𝑛;𝑏

𝑝
𝛼,𝛽,(𝛾+𝑛),𝛿,𝜌 (𝑡) 

… (3.4.13) 

Thisiisitheicompleteiproofiofitheitheorem. 

5.i SpecialiCases:i 

 Corollary:1.iIfiweitake(𝑎1)𝑛𝑖𝑖 … 𝑖(𝑎𝑝)
𝑛𝑖

, 𝑘 = 1 = (𝑏1)𝑛 … (𝑏𝑞)
𝑛

, 

 (𝜏)𝑛 = 1𝛿 = 1, 𝑖𝜌 = 1andi𝑏1
𝑛 … 𝑏𝑞

𝑛 = 1 ∏ (𝑛𝑖)!
𝑝
𝑖=1 = 1andi 

 ∏ (𝑚𝑖)
𝑝
𝑖=1 = 1thaniforitheisolutioniofitheiAdvancedigeneralizedi 

 fractionalikineticiequation 

𝑁(𝑡)– 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;𝑏

1
𝛼,𝛽,𝛾,1,1 (𝑡) = −𝑖 ∑ (

𝑛

𝑟
)

𝑛

𝑟=1

𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡)(35) 

…i(3.5.1) 

Thereiholdsitheiresulti 

𝑁(𝑡) = 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;𝑏

1
𝛼,𝛽,(𝛾+𝑛),1,1 (𝑡) 

… (3.5.2) 
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Becauseiofitheirelationi(33),ithisiresulticoincidesiwithitheimainiresulti 

 ofiChaurasiaiandiPandeyi[16]. 

Corollary:i2.iIfiweiputi𝑖𝑏 =

0𝑖inicorollaryi(1)ithenitheisolutioniofithei 

 Advancedigeneralizedifractionalikineticiequationireducesitoithei 

 theispecialicaseiofitheoremi(1)iiniChaurasiaiandiPandeyi[16]i(2010),i 

 giveniasifollows:Foritheisolutioniofiii 

  𝑁(𝑡)– 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;0

1
𝛼,𝛽,𝛾,1,1 (𝑡) 

       = 𝑖 − 𝑖 ∑ (𝑛
𝑟
)𝑛

𝑟=1 𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡) 

… (3.5.3) 

Thereiholdsitheiresulti 

𝑁(𝑡) = 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;0

1
𝛼,𝛽,(𝛾+𝑛),1,1 (𝑡) 

… (3.5.4) 

Corollary:i3.iIfiweiputi𝑖𝛽 = 𝛾𝛼 −

𝛽𝑖inicorollaryi(1)ithenitheisolutioni 

 ofitheiAdvancedigeneralizedifractionalikineticiequationireducesitoithe

i 

 aispecialicaseiofitheoremi(1)iiniChaurasiaiandiPandeyi[16]i(2010),ii 

 whichiisigiveniasifollows: 
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Foritheisolutioniofiii 

  𝑁(𝑡)– 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;𝑏

1
𝛼,𝛾𝛼−𝛽,𝛾,1,1 (𝑡) 

      = 𝑖 − 𝑖 ∑ (𝑛
𝑟
)𝑛

𝑟=1 𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡) 

… (3.5.5) 

Thereiholdsitheiformula 

𝑁(𝑡) = 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;𝑏

1
𝛼,𝛾𝛼−𝛽,(𝛾+𝑛),1,1 (𝑡) 

… (3.5.6) 

Corollary:i4.iIfiweiputi𝑖𝑏 = 0𝑖iiinicorollaryi(3)ithenitheisolutioniofi 

 theiAdvancedigeneralizedifractionalikineticiequationireducesitoi 

 anotherispecialicaseiofitheoremi(1)iiniChaurasiaiandiPandeyi[16],i 

 whichiisigiveniasifollows: 

Foritheisolutioniofiii 

𝑁(𝑡)– 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;0

1
𝛼,𝛾𝛼−𝛽,𝛾,1,1 (𝑡) = 𝑖 − 𝑖 ∑ (

𝑛

𝑟
)

𝑛

𝑟=1

𝑐𝑟𝛼𝐷𝑡
−𝑟𝛼𝑖𝑁(𝑡) 

… (3.5.7) 

Thereiholdsitheiformula 

𝑁(𝑡) = 𝑖𝑁0 ℳ1
−𝑐𝛼,𝑖𝑖1;0

1
𝛼,𝛾𝛼−𝛽,(𝛾+𝑛),1,1 (𝑡) 

… (3.5.8) 

Thisicompletesitheianalysis.i 

6.i ResultiandiDiscussion: 
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 Inithisipresentiendeavor,iweihaveiintroducediaifrac

tionaligeneralizationiofitheistandardikineticiequationiandiainewispecialifunc

tionigivenibyiauthorsiandialsoiestablisheditheisolutioniforitheicomputational

iextensioniofitheiAdvancedifractionalikineticiequation.iTheiresultsiofitheico

mputationaliextensioniAdvancedigeneralizedifractionalikineticiequationiandi

itsispecialiceaseiareitheisameiasitheiresultsiofiChaurasiaiandiPandayi[17]i(2

010).i 

 

 

 

 

 

 

 

 

 

 

 

 

 



(73) 
 

Chapteri4 

AdvancediYang-FourieriTransformsitoi 

Heat-ConductioniiniaiSemi-InfiniteiFractaliBar 

 

Introduction: 

 Theimainiaimiofitheipresentichapteritoisolveithei1-

Dimensionalifractaliheat-conductioniproblemiiniaifractalisemi-

infiniteibarihasibeenidevelopedibyilocalifractionalicalculusi(Calculusiofiarbi

traryiorder)iemployingitheianalyticalAdvancedYang-

Fourieritransformsmethod.i 

AdvancedYang-

FourieritransformsiwhichiisiobtainedibyitheiauthoribyiaigeneralizationiofYa

ng-

Fourieritransformsisiaitechniqueiofifractionalicalculusiforisolvingimathemat

ical,iphysical,iandiengineeringiproblems.iTheifractionalicalculusiisicontinuo

uslyigrowingiinitheilastifiveidecadesi[1-

7].iMostioftheifractionaliordinaryidifferentialiequationsihaveiexactianalytici

solutions,iwhileiothersirequiredieitherianalyticalapproximationsiorinumerica

litechniquesitoibeiapplied,iamongithem:ifractionaliFourierandiLaplaceitransf

ormi[8,41],itheiheat-balanceiintegralimethodi[9-

11],ivariationiiterationimethod(VIM)i[12-

14],idecompositionimethodi[15,41],ihomotopyiperturbationimethodi[16,41],

ietc. 

Theiproblemsiinifractalimediaicanibeisuccessfullyisolvedibyilo

califractionalicalculusitheoryiwithiproblemsiforinon-

differentialifunctionsi[25-
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32].iLocalifractionalidifferentialiequationsihaveibeeniapplieditoimodelicom

plexisystemsiofifractaliphysicaliphenomenai[30-

41]ilocalifractionaliFourieriseriesimethodi[38],iYang-

Fourieritransformi[39,i40,41] 

 

2.ii AiNewiSpecialiFunctioniandiAdvancedYang-Fourieritransformi 

 andipropertiesiofiAdvancediYoungi-Fourieritransform: 

Here,iweidefineiainewispecialifunctioniSasifollows:i 

Si=i∑
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

k!iΓ(1+𝛼)
∞𝑖
𝑘=0 𝑧𝑘,ii𝛼 ∈ 𝑐, 𝑅(𝛼) > 0. 

Ifiweiputiai=i1iinitheiaboveifunction,ithenitheiSifunctioniconvertsiint

oithei 

 M-seriesi[42]. 

AndiIfiweiputi
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

i=i1iiniS-ifunction,ithenitheiS-ifunctioni 

 convertsiintoitheiMittag-Lefflerifunctioni[43]. 

 LetiusiConsider𝑓(𝑥)𝑖isilocalifractionalicontinuousiin(−∞, 𝑖∞)iwe 

 denoteiasi𝑓(𝑥) ∈ 𝐶𝑎𝑖(−∞, 𝑖∞)ii[32,i33,i35]. 

Leti𝑓(𝑥) ∈ 𝐶𝑎𝑖(−∞, 𝑖∞)TheiAdvancedYang-Fourieritransformii 

 developedibyiauthorsiwritteniinitheiformi[30,i31,i39,i40,i41]: 

 𝐹𝛼{𝑓(𝑥)} = 𝑓𝜔
𝐹,𝛼(𝜔) = 𝑖 

1

Γ(𝛼 + 1)
∫ 𝑆𝛼(−𝑖𝛼𝜔𝛼𝑥𝛼)𝑓(𝑥)(𝑑𝑥)𝛼

∞

−∞

 

… (4.2.1) 
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Wheniweiput
(𝑎1)𝑘…(𝑎𝑝)

𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

k!
𝑎𝑘i=1,itheniiticonvertsiintoitheiYang-

Fourieritransformi[41]. 

Then,itheilocalifractionaliintegrationiisigivenibyi[30-32,i35-37,i41]: 

1

Γ(𝛼 + 1)
∫ 𝑓(𝑡)

𝑏

𝑎

(𝑑𝑥)𝛼 =
1

Γ(𝛼 + 1)
lim

∆𝑡→0
∑ 𝑓(𝑡𝑗)

𝑗=𝑁−1

𝑗=0

𝑖(∆𝑡𝑗)𝛼 

… 𝑖(4.2.2) 

Where∆𝑡𝑗 = 𝑡𝑗+1 − 𝑡𝑗,i∆𝑡 = 𝑖𝑚𝑎𝑥{∆𝑡1, 𝑖∆𝑡2, 𝑖∆𝑡𝑗 , … }{𝑡𝑗 , 𝑖𝑡𝑗+1},𝑗 = 0, … , 

𝑖𝑁𝑖– 1,i𝑡0i=ia,i𝑡𝑁i=ib,iisiaipartitionofitheiintervali[𝑎, 𝑖𝑏]. 

Ifi𝐹𝛼𝑖{𝑓(𝑥)} =

𝑓𝜔
𝐹,𝛼(𝜔),itheniitsiinversioniformulaitakesitheiformi[30,i31,i39,i40,41]  

 𝑓(𝑥) = 𝐹𝛼
−1[𝑓𝜔

𝐹,𝛼𝑖(𝜔)] = 

1

Γ(𝛼 + 1)

1

(2𝜋)𝛼
∫ 𝑆𝛼𝑖(– 𝑖𝛼𝜔𝛼𝑥𝛼)𝑓𝜔

𝐹,𝛼𝑖(𝜔)(𝑑𝜔)𝛼

∞

−∞

 

… (4.2.3) 

Wheniweiput
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

k!
i=1,iiticonvertsiintoitheiYangiInverseiFourieritran

sformi[41]. 

Someipropertiesiareishowniasifollowsi[30,i31]: 

Leti𝐹𝛼𝑖{𝑓(𝑥)} = 𝑓𝜔
𝐹,𝛼(𝜔),iandi𝐹𝛼{𝑔(𝑥)} =

𝑓𝜔
𝐹,𝛼(𝜔), 𝑖andiletibeitwoiconstants.iTheniwehave: 

𝐹𝛼{𝑐𝑓(𝑥) + 𝑑𝑔(𝑥)}𝑐𝐹𝛼{𝑓(𝑥)} + 𝑑𝐹𝛼{𝑔(𝑥)} 

… (4.2.4) 
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Ifi lim
|𝑥|→∞

𝑓(𝑥)𝑖 = 𝑖0,itheniweihave: 

𝐹𝛼{𝑓𝛼(𝑥)} = 𝑖𝛼𝜔𝛼𝐹𝛼{𝑓(𝑥)} 

… (4.2.5) 

Inieq.i(5)itheilocalifractionaliderivativeiisidefinedias: 

𝑓𝛼(𝑥0) =
𝑑𝛼𝑓(𝑥)

𝑑𝑥𝛼
|

𝑥=𝑥0

= lim
𝑥→𝑥0

∆𝛼[𝑓(𝑥) − 𝑓(𝑥0)]

(𝑥 − 𝑥0)𝛼
 

… (4.2.6) 

Wherei∆𝛼[𝑓(𝑥) − 𝑓(𝑥0)] ≅ Γ(1 + 𝛼)∆[𝑓(𝑥) − 𝑓(𝑥0)] 

Asiaidirectiresult,irepeatingithisiprocess,iwhen: 

𝑓(0) = 𝑓𝛼(0) = ⋯ = 𝑓(𝑘−1)𝛼,(0) = 0 

… (4.2.7) 

𝐹𝛼{𝑓𝑘𝛼(𝑥)} = 𝑖𝛼𝜔𝛼𝐹𝛼{𝑓(𝑥)} 

… 𝑖𝑖(4.2.8) 

3.i Heaticonductioniiniaifractalisemi-infinitei 

Ifiaifractalibodyiisisubjecteditoiaiboundaryiperturbation,ithenitheiheatidiffus

esiin-

depthimodeledibyiaiconstitutiveirelationiwhereitheirateiofifractaliheatifluxi

𝑞(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)𝑖isiproportionalitoitheilocalifractionaligradientiofitheitemperat

urei[32,41],inamely: 

𝑞(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡) = −𝐾2𝛼∇𝛼𝑇(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡) 

… (4.2.9) 

Hereitheipre-

factoriK2aisitheithermaliconductivityiofitheifractalimaterial.iTherefore,itheifr
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actaliheaticonductioniequationiwithoutiheatigenerationiwasisuggestediini[32

]ias: 

𝐾2𝛼
𝑑2𝛼𝑇(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)

𝑑𝑥2𝛼
− 𝜌𝛼𝑐𝛼

𝑑2𝛼𝑇(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)

𝑑𝑥2𝛼
= 0𝑖 

… (4.2.10) 

Where𝜌𝛼andi𝑐𝛼areitheidensityianditheispecificiheatiofitheimaterial,irespecti

vely. 

Theifractaliheat-

conductioniequationiwithiaivolumetriciheatigenerationi𝑔(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)icanibe

idescribediasi[32,41]: 

𝐾2𝛼∇2𝛼𝑇(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡) + 𝑔(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)𝜌𝛼𝑐𝛼

𝜕𝛼𝑇(𝑥, 𝑖𝑦, 𝑖𝑧, 𝑖𝑡)

𝜕𝑡𝛼
 

… 𝑖(4.2.11) 

Thei1-Dimensionalifractaliheat-conductioniequationi[32,41]ireadsias: 

𝐾2𝛼
𝜕2𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥2𝛼
− 𝜌𝛼𝑐𝛼

𝜕𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑡𝛼
= 0, 𝑖𝑖0 < 𝑥 < ∞, 𝑖𝑡 > 0 

… (4.2.12𝑎) 

withiinitialiandiboundaryiconditionsiare: 

𝜕𝛼𝑇(0, 𝑖𝑡)

𝜕𝑡𝛼
= 𝑆𝛼𝑡𝛼 , 𝑖𝑇(0, 𝑖𝑡) = 0𝑖 

… (4.2.12𝑏) 

Theidimensionlessiformsiofi(12a,ib)iarei[35,i41]: 

𝜕2𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥2𝛼
=

𝜕𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥𝛼
= 0 

… 𝑖(4.2.13𝑎) 
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𝜕𝛼𝑇(0, 𝑖𝑡)

𝜕𝑥𝛼
= 𝑆𝛼𝑡𝛼 , 𝑖𝑇(0, 𝑖𝑡) = 0 

… (4.2.13𝑏) 

Basedionieq.i(12a),itheilocalifractionalimodelifori1-Difractaliheat-

conductioniiniaifractalisemi-infiniteibariwithiaisourceitermi𝑔(𝑥, 𝑖𝑡)iis: 

𝐾2𝛼
𝜕2𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥2𝛼
− 𝜌𝛼𝑐𝛼

𝜕𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑡𝛼
= 𝑔(𝑥, 𝑖𝑡), 𝑖𝑖 − ∞ < 𝑥 < ∞, 𝑖𝑡 > 0 

… (4.2.14𝑎) 

With 

𝑇(𝑥, 𝑖0) = 𝑓(𝑥), 𝑖 − ∞ < 𝑥 < ∞, 

… (4.2. 𝑖14𝑏) 

Theidimensionlessiformiofitheimodeli(14a,ib)iis: 

𝜕2𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥2𝛼
=

𝜕𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑡𝛼
= 0, 𝑖𝑖 − ∞ < 𝑥 < ∞, 𝑖𝑡 > 0 

… (4.2.15𝑎) 

𝑇(𝑥, 𝑖0) = 𝑓(𝑥), 𝑖 − ∞ < 𝑥 < ∞, 

… (4.2.15𝑏) 

4.i SolutionsibyitheiGeneralizediNewiYang-Fourieritransformi 

 method: 

 Letiusiconsiderithati𝐹𝛼{𝑇(𝑥, 𝑡)} = 𝑇𝜔
𝐹,𝛼(𝜔, 𝑡)isitheiAdvancediYang-

FourieritransformiofiT(x,it),iregardediasiainon-

differentiableifunctioniofix.iApplyingitheiYang-

FourieritransformitoitheifirstitermiofiEq.i(15a),iweiobtain: 
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𝐹𝛼 {
𝜕2𝛼𝑇(𝑥, 𝑖𝑡)

𝜕𝑥2𝛼
} = (𝑖2𝛼𝜔2𝛼)𝑇𝜔

𝐹,𝛼(𝜔, 𝑡) = 𝜔2𝛼𝑇𝜔
𝐹,𝛼(𝜔, 𝑡) 

… (4.1.16𝑎) 

Onitheiotherihand,ibyichangingitheiorderiofitheilocalifractionalidifferentiati

oniandiintegrationiinitheiseconditermiofieq.(15a),iweiget: 

𝐹𝛼 {
𝜕2𝛼

𝜕𝑡2𝛼
𝑇(𝑥, 𝑖𝑡)} =

𝜕𝛼

𝜕𝑡𝛼
𝑇𝜔

𝐹,𝛼(𝜔, 𝑡) 

… (4.2.16𝑏) 

Foritheiinitialivalueicondition,itheiYang-Fourieritransformiprovides: 

𝐹𝛼{𝑇(𝑥, 𝑖0)} = 𝑇𝜔
𝐹,𝛼(𝜔, 0) = 𝐹𝛼{𝑓(𝑥)} = 𝑓𝜔

𝐹,𝛼(𝜔) 

… (4.3.16𝑐) 

Thusiweigetifromieqn.(16a,b,c): 

𝜕𝛼

𝜕𝑡𝛼
𝑇𝜔

𝐹,𝛼(𝜔, 𝑡) + 𝜔2𝛼𝑇𝜔
𝐹,𝛼(𝜔, 𝑡) = 0, 𝑖𝑇𝜔

𝐹,𝛼(𝜔, 0) = 𝑓𝜔
𝐹,𝛼(𝜔) 

… (4.4.17) 

Thisiisianiinitialivalueiproblemiofiailocalifractionalidifferentialiequationiwit

hitiasianiindependentivariableiandiwasiaiparameter. 

𝑇(𝜔, 𝑡) = 𝑓𝜔
𝐹,𝛼(𝜔)𝑆𝛼(−𝜔2𝛼𝑡𝛼) 

… (4.5.18𝑎) 

Hence,iusingitheiinversioniformula,ieqn.i(3),iweiget: 
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𝑇(𝑥, 𝑡) =
1

(2𝜋)𝛼
∫ 𝑆𝛼,(𝑖𝛼𝜔𝛼𝑥𝛼)𝑓𝜔

𝐹,𝛼(𝜔)𝑆𝛼,(−𝜔2𝛼𝑡𝛼)(𝑑𝜔)𝛼

∞

−∞

= (𝑀𝑓)(𝑥) 

… (4.6.18𝑏) 

𝑀𝜔
𝐹,𝛼(𝜔) =

1

(2𝜋)𝛼
𝑆𝛼,(−𝜔2𝛼𝑡𝛼) 

… (4.7.18𝑐) 

Fromi[30,i32]iweiobtained, 

𝐹𝛼 {𝑆𝛼 (−
𝜔2𝛼

𝐶2𝛼
)} =

𝐶𝛼𝜋
𝛼

2

1.

1

Γ(𝛼 + 1)
𝑆𝛼, (−

𝐶2𝛼𝜔2𝛼

4𝛼
) 

… (4.8.19𝑎) 

Letii𝐶2𝛼 4𝛼⁄ = 𝑡𝛼.iTheniweiget: 

𝐹𝛼 {𝑆𝛼 (−
𝜔2𝛼

4𝛼𝑡𝛼
)} =

1

Γ(𝛼 + 1)

4𝛼𝑡
𝛼

2𝜋
𝛼

2

.
+𝑖𝑆𝛼(−𝜔2𝛼𝑡𝛼) 

=
1

Γ(𝛼 + 1)

4𝛼𝑡
𝛼

2𝜋
𝛼

2

.
(2𝜋)𝛼𝑀𝜔

𝐹,𝛼(𝜔) 

… (4.9.19𝑏) 

Thus,𝑀𝜔
𝐹,𝛼(𝜔)ihaveitheiinverse: 

1

(2𝜋)𝛼
∫ 𝑆𝛼(𝑖𝛼𝜔𝛼𝑥𝛼)𝑀𝜔

𝐹,𝛼,(𝜔)(𝑑𝜔)𝛼𝑖 =

∞

−∞

 

1

4𝛼𝑡
𝛼

2𝜋
𝛼

2

1

(2𝜋)𝛼
Γ(𝛼 + 1)𝑖𝑆𝛼 (−

𝜔2𝛼

4𝛼𝑡𝛼
) 

… (4.10.19𝑐) 
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Hence,iweiget: 

 𝑇(𝑥, 𝑖𝑡) = (𝑀𝑓)(𝑥) = 

Γ(1 + 𝛼)

4𝛼𝑡
𝛼

2𝜋
𝛼

2

∫ 𝑓(𝜉)𝑆𝛼 (−
(𝑥 − 𝜉)2𝑖𝛼

4𝛼𝑡𝛼
) (𝑑𝜉)𝛼

∞

−∞

 

… (4.11.20) 

Thisicompletesitheianalysis. 

Specialicase: 

 Wheniweiput
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

k!
i=1ithenitheiS-

ifunctioniconvertsiintoitheiMittag-

LefflerifunctionandisolutioniofiAdvancediYangiFourieriTransformsiconverti

intoiYangiFourieriTransformsiresultsi[41] 

 𝑇(𝑥, 𝑖𝑡) = (𝑀𝑓)(𝑥) 

=
Γ(1 + 𝛼)

4𝛼𝑡
𝛼

2𝜋
𝛼

2

∫ 𝑓(𝜉)𝐸𝛼 (−
(𝑥 − 𝜉)2𝑖𝛼

4𝛼𝑡𝛼
) (𝑑𝜉)𝛼

∞

−∞

 

… (4.12.21) 

Conclusions: 

 Inithisichapter,iwepresentedianianalyticalisolutioniofi1-

Dimensionaliheaticonductioniinitheifractalisemi-

infiniteibaribyitheiAdvancediYang-Fourieritransformiofinon-

differentiableifunctions.iTheiaboveifindingsiareiveryiusefuliinisolvingitheipr
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acticaliproblemsibecauseiweihaveiappliediaipartialifractionalidifferentialieq

uationioniaiCantoriset 

 

 

Chapteri5 

AiGeneralizationiofiTruncatediS-

FractionaliDerivativeiandiApplicationsitoiFractionaliDifferenti

aliEquationsii 

5.1iIntroduction: 

 Inithisichapter,iweiaimitoistudyitheiworkiofiiIlhaniandiiOnurKi

ymazi(2020)iregardingitheigeneralizationiofitruncatediM-

FractionaliderivativeiandiapplicationsitoiFractionalidifferentialiequationswhi

chibasedionitheigeneralizationiofitheitruncatediM-

fractionaliderivativeiwhichiwasirecentlyiintroducedi[SousaiandideiOliveira,i

AinewitruncatediM-

fractionaliderivativeitypeiunifyingisomeifractionaliderivativeitypesiwithiclas

sicaliproperties,iInter.iofiJour.iAnaly.iandiAppl.,i16i(1),i83–

96,i2018].iToidoithat,iweiusedigeneralizediS-

series,iwhichihasiaimoreigeneraliformithanigeneralizediM-series,Mittag-

Leffler,iandihypergeometricifunctions.iWeicalledithisigeneralizationiaitrunc

atediS-

seriesifractionaliderivative.iThisinewiderivativeigeneralizesiseveralifractiona

liderivativesiandisatisfiesiimportantipropertiesiofitheiinteger-

orderiderivatives.iFinally,iweiobtainitheianalyticalisolutionsiofisomeiS-

seriesifractionalidifferentialiequationsFractionalicalculusiisiaifieldithatiisifre

quentlyistudiedibyimathematiciansibecauseiofiitsimanyiapplicationsiuseditoi

modeliproblems.iInisomeirecentistudies,iitiisiseenithatimathematicalimodels
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iobtainedibyiusingivariousifractionaliderivativesihaveibetterioverlappingiwit

hiexperimentalidatairatherithanitheimodelsiwithiderivativesiofiintegeriorder.

iFractionaliderivativeidefinitionsimayibeiusediforidifferentitypesiofiproblem

s.iThisisituationilediscientistsitoiidentifyimoreigeneralifractionalioperators.i

Especiallyiinitheilastisixiyears,iseveraligeneralizationsiofisomeiwell-

knownifractionaliderivativeioperatorsihaveibeeniaddressedibyimanyiauthorsi

(see,iforiexamplei[2,i3,i5,i6,i11,i18,i19,i33]).iIniadditionitoitheseistudies,idif

ferentifractionaliderivativeioperatorsihavingimanyifeaturesiprovidedibyitheii

nteger-orderiderivativeioperatoriwereialsoistudiedi(seei[16,i17,i27–

31]ianditheireferencesitherein).iIni2014,iKhalilietial.i[17]iintroducediainewi

typeiofifractionaliderivativeiforifi:i[0,∞)i→iR,iti>i0iandiαi∈i(0,1)as 

𝑇𝛼f(t)=ilim
∈→0

𝑓𝑖(𝑡+𝜀𝑡1−𝛼)−𝑓𝑖(𝑡)

𝜀
 

…(5.1.1) 

 Theyicallediiticonformableifractionaliderivative.iInitheisameiye

ar,iKatugampolai[16]iintroduceditheialternativeianditruncatedialternativeifra

ctionaliderivativesiforifi:i[0,∞)i→iRiasiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

𝐷𝛼(𝑓)(𝑡) = lim
∈→0

𝑓(𝑡𝑒𝜀𝑡−𝛼
)−𝑓𝑖(𝑡)

𝜀
,ii𝑡 > 0, 𝑖𝑖𝑖𝛼𝜖(0,1) 

…i(5.1.2) 

And𝐷𝛼
𝑖(𝑓)(𝑡) = lim

∈→0

𝑓(𝑡𝑒𝑖
𝜀𝑡−𝛼

)−𝑓𝑖(𝑡)

𝜀
,𝑡 > 0, 𝑖𝑖𝛼𝜖(0,1) 

… (5.1.3) 
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respectively.iHerei𝑒𝑥
𝑖i=i∑

𝑥𝑘

𝑘𝑖!

𝑖
𝑘=0 iisitheitruncatediexponentialifunction.Re

cently,iSousaiandideiOliveirai[27,i29]iintroduceditheiM-

fractionalianditruncatediM-fractionaliderivativesiforifi:i[0,∞)i→iRias 

𝐷𝑀,
𝛼:𝛽

𝑓𝑖(𝑡) = 𝑖 lim
∈→0

𝑓(𝑡𝐸𝛽𝑖(𝜀𝑡−𝛼))−𝑓𝑖(𝑡)

𝜀
,𝛽, 𝑡 > 0, 𝛼𝜖(0,1) 

…(5.1.4) 

andi 𝐷𝑀𝑖
0

,

𝛼:𝛽
𝑓𝑖(𝑡) = lim

∈→0

𝑓(𝑡𝑖𝐸𝛽(𝜀𝑡−𝛼))−𝑓𝑖(𝑡)

𝜀
,iii𝛽, 𝑡 > 0, 𝛼𝜖(0,1) 

…(5.1.5) 

respectively,iusingioneiparameteriMittag-

Lefflerifunctioni[12]𝐸𝛽(𝑧)=i∑
𝑧𝑘

Γ(𝛽𝑘+1)
∞
𝑘=0 𝑖, 𝑖𝑖ℜ𝑖(𝛽) > 0, 𝑧 ∈

𝑐andiitsitruncatediversion.Allitheiderivativesigiveniaboveisatisfyisomeiprop

ertiesioficlassicalicalculus,ie.g.linearity,iproductirule,iquotientirule,ifunction

icompositionirule,iandichainirule.iBesides,iforiallitheioperatorsigiveniabovei

theiα-

orderiderivativeiofiaifunctioniisiaimultipleiofi𝑡1−𝛼 𝑑𝑓

𝑑𝑡
.iIni2021,iDhaneliyaia

ndSharma[37]iidefinediainewispecialifunctioniSiasifollows:i 

Si=i∑
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

k!iΓ(1+𝛼)
∞𝑖
𝑘=0 𝑧𝑘i,ii𝛼 ∈ 𝑐, 𝑅(𝛼) > 0. 

Here,iweidefineiainewigeneralizediispecialifunctioninamelyiGeneralizediS-

ifunction,iwhichiisidefinediasi: 

𝑆𝑞𝑝
0

,

𝑎:𝛽,𝛾
(𝑧) ≔ 𝑆𝑞𝑝

0
,

𝑎:𝛽,𝛾
[
𝑎1, … , 𝑖𝑎𝑝;

𝑐1, … , 𝑖𝑐𝑞;
𝑧] = 

∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑐1𝑖)𝑘 … . (𝑖𝑐𝑞)𝑘

∞

𝑘𝑖=𝑖0

𝑎𝑘𝑧𝑘

K! iΓ(𝛽𝑘 + 𝛾)
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Ifiweiputik=1iandi𝛾 = 1,ithenitheiaboveifunctioniconvertsiintoiS-

ifunctioni[37] 

Ifiweiputiai=i1andiK! =

1, iiinitheiaboveifunction,ithenitheiGeneralizediSifunctioniconvertsiintoithei

GeneralizediM-

seriesi[42].iWhereiβ,iγ,izi∈iC,ip,iqi∈iN,iℜ(β)i>i0,i𝑐𝑖𝑖 ≠0,−1,−2,...(ii=i1,2,.,q

)iandiandiai=1,2,…Here,i(𝛼)𝑘iisitheiPochhammerisymboli[1]iwhichigivenib

yi(𝛼)𝑣 =

Γ(𝛼+𝑣)

Γ(𝛼)
,i𝛼, 𝑣𝜖𝐶withitheiassumei(𝛼)0=i1.iNoteithatiifi𝑎𝑗(j=1,2i,.,p)iequalsitoiz

eroioriainegativeiinteger,ithenitheiseriesireducesitoiaipolynomial.iAndiIfiwe

iputi
(𝑎1)𝑘…(𝑎𝑝)

𝑘
𝑎𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

𝑘!
i=i1iin 

iS-ifunction,ithenitheiS-ifunctioniconvertsiintoitheiMittag-Lefflerifunction 

i[43i]GeneralizediS-

seriesiisiconvergentiforialliziifipi≤iq;iitiisiconvergentifori|z|i<iδi=i𝛼𝛼iifipi=i

qi+i1;iandidivergentiifipi>iqi+i1.iWhenipi=iqi+i1iandi|z|i=iδ,itheiseriesicani

convergeioniconditionsidependingionitheiparameters.iForimoreiinformationi

aboutiS-

series,iweireferitoi[37]ianditheireferencestherein.Aigeneralizationiofitruncat

ediS-

fractionaliderivativeiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiMostiofitheifamousispecialifunctionsicanib

eidescribediasitheispecialicasesiofitheigeneralizediiiiiiiiii 

 

GeneralizediS-series:ii 



(86) 
 

𝑆11
0

,

1:1,1
(1; 1; 𝑧) = ∑

𝑧𝑘

𝑘!
= 𝑒𝑧,

∞

𝑘=0
𝑆11

0
,

1:𝛽,1
(1; 1; 𝑧)

= ∑
𝑧𝑘

Γ(𝛽𝑘 + 1)
= 𝑖𝐸𝛽(𝑧),

∞

𝑘=0
𝑆11

0
,

1:𝛽,𝛾
(1; 1; 𝑧)

= ∑
𝑧𝑘

Γ(𝛽𝑘 + 𝛾)
= 𝑖𝐸𝛽,𝛾(𝑧),

∞

𝑘=0
𝑆11

0
,

1:𝛽,𝛾
(𝜎; 1; 𝑧)

= ∑
(𝜎)𝑘𝑧𝑘

Γ(𝛽𝑘 + 𝛾)
= 𝐸𝛽,𝛾

𝜎(𝑧)
∞

𝑘=0
, 𝑆11

0
,

1:𝛽,𝛾
(𝑎; 𝑐; 𝑧)

= ∑
(𝑎)𝑘

(𝑐)𝑘

𝑧𝑘

𝑘!
= 𝑖𝜙(𝑎; 𝑐; 𝑧),

∞

𝑘=0
𝑆12

0
,

1:1,1
(𝑎; 𝑏; 𝑐; 𝑧)

= ∑
(𝑎)𝑘(𝑏)𝑘

(𝑐)𝑘

𝑧𝑘

𝑘!
= 𝐹12

0 (𝑎, 𝑏; 𝑐; 𝑧),
∞

𝑘=0
𝑆𝑞𝑝

0
,

1:1,1
(𝑧)

= ∑
(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑐1𝑖)𝑘 … . (𝑖𝑐𝑞)𝑘

𝑧𝑘

𝑘!
= 𝐹𝑞𝑝

0 [
𝑎1, … , 𝑖𝑎𝑝

𝑐1, … , 𝑖𝑐𝑞
; 𝑧] 𝑖,

∞

𝑘=0
 

 Here,i𝐸𝛽,𝑖𝐸𝛽,𝛾i,ii𝐸𝛽,𝛾
𝜎iareitheionei[23],itwoi[32]iandithreeipara

metersi[24]iMittag-

Lefflerifunctions;iandialsoiΦ, 𝐹12
0 i,i 𝐹𝑞𝑝

0 iareitheiconfluent,iGauss,iandigeneral

izedihypergeometricifunctionsi[1],irespectively.iMotivatedibyitheiaboveistu

diesianditheifrequentiuseiofiGeneralizediM-

seriesiinifractionalioperatoritheoryi(seei[8–10,14,i21]),iwithitheihelpiofiS-

series,iweifirstidefineiaimoreigeneralifractionaliderivativei(truncatediS-

seriesifractionaliderivative)iandiinvestigateiitsipropertiesilikeilinearity,iprod

uctirule,itheichainirule,ietc.iTheniweiextendisomeiofitheiclassicaliresultsiini

calculusilikeiRolle’sitheorem,imeanivalueitheorem,ietc.iWeialsoiintroduceit

heiS-

seriesifractionaliintegraliandifinally,iweiobtainitheianalyticalisolutionsiofior

dinaryiandipartialiS-seriesifractionalilinearidifferentialiequations.2i 

 

 



(87) 
 

 

TruncatediS-seriesiFractionaliDerivativei: 

 WeifirstipresentitheidefinitionsiofitheitruncatediS-

seriesianditruncatediS-seriesifractionaliderivativeioperator 

Definitioni1. 

 TheitruncatediS-Seriesiisidefinedifori 

βi>i0ias 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝑡) = 𝑆𝑝,𝑞

𝑎:𝛽,𝛼
𝑖
. (𝑡) [

𝑎1, … , 𝑖𝑎𝑝

𝑐1, … , 𝑖𝑐𝑞
; 𝑡]: 

=i∑
(𝑎1𝑖)𝑘….(𝑖𝑎𝑝)𝑘

(𝑐1𝑖)𝑘….(𝑐𝑞)
𝑘

𝐾!

𝑖
𝑘𝑖=𝑖0

𝑎𝑘𝑡𝑘

Γ(𝛽𝑘+𝛾)
 

…i(5.2.1)iiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

 whereiβ,iγ,t∈iR,ip,q∈iN,i𝑎𝑛,i𝑐𝑚∈iR,i𝑐𝑚 ≠ 0i,−1,−2,... 

(ni=i1,2,...,ip;imi=i1,2,...,q)iandiai=1,2,… 

Definitioni2. 

 Letifi:i[0,∞)i→iR.iForiβi>i0,iti>i0iandiαi∈i(0,1),itheitruncatedi

S-seriesifractionaliderivativeiofiorderiαiofiaifunctionifiis 

𝐷𝑆
𝛼

𝑖
. 𝑓(𝑡) = 𝐷𝑆

𝛼
𝑖
. [

𝑎1, … , 𝑖𝑎𝑝

𝑐1, … , 𝑖𝑐𝑞
] 𝑖𝑓(𝑡)i=iilim

𝜖→0

𝑓[Γ(𝛾)𝑡] 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼)−𝑓𝑖(𝑡)𝑖𝑖

𝜀
 

….i(5.2.2) 

whereiβ,iγ,t∈iR,ip,q∈iN,i𝑎𝑛,i𝑐𝑚∈iR,i𝑐𝑚 ≠

0i,−1,−2,...(ni=i1,2,..,ip;imi=i1,2,..,q)iandia=1,2,…andi 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. iiisitheitruncat

ediS-seriesigiveniwithi(6)?iIfiaitruncatediS-
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seriesifractionaliderivativeiofiaifunctionifiexistsitheniweicalleditheifunctioni

fiisiS-differentiable 

 Noteithat,iififiisiS-

differentiableiinisomeiintervali(0,a),iai>i0iandii lim
𝑡→0+

𝐷𝑆
𝛼

𝑖
. 𝑓(0)exists,itheniwei

definei 𝐷𝑆
𝛼

𝑖
. 𝑓(0) =

lim
𝑡→0+

𝐷𝑆
𝛼

𝑖
. 𝑓(𝑡)BecauseiSousaiandideiOliveiraishowediini[29]ithat,itruncatedi

M-

fractionaliderivativeiisitheigeneralizationiofitheifractionaliderivativeioperato

rsi(1)-

(4),iitiisienoughitoichooseiγ=ipi=iqi=i1iandii𝑎1i=i𝑐1,ia=1andik=1ini(7)iforip

rovingithatiallitheifractionaliderivativeioperatorsi(1)-

(5)igiveniaboveiareitheispecialicasesiofiouridefinition.iForitheisakeiofishort

ness,ithroughoutitheipaper,iweiassumeithatiα,β,iγi∈iR,ip,iqi∈iN,iβi>i0,ipi>i

0,iqi>i0,i𝑎𝑛,i𝑐𝑚∈iRiandi𝑐𝑚𝑖 ≠

0,−1,−2,...(ni=i1,2,...,ip;imi=i1,2,...,q).iAlso,iweiuseitheinotationiKiinsteadio

fitheiconstant
𝑎1i···𝑎𝑝

𝑐1···𝑐𝑞

Γ(𝛾)

Γ(𝛽+𝛾)
iNowiweibeginiouriinvestigationiwithianiimporta

ntitheorem. 

Theoremi1. 

 Ifiaifunctionifi:i[0,∞)i→iRiisiS-

differentiableiati𝑡0>i0iforiαi∈i(0,1],ithenifiisicontinuousiati𝑡0.Proof.iConsid

eritheiidentity 

𝑓[Γ(𝛾)𝑡0] 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼) − 𝑓𝑖(𝑡0) =

𝑓[Γ(𝛾)𝑡] 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼) − 𝑓𝑖(𝑡)

𝜀
𝜖 

Applyingitheilimitiforiεi→i0ionibothisides,iweigetiiiiiii 

 lim
𝜀→0

[Γ(𝛾)𝑡0] 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼) − 𝑓𝑖(𝑡0) 
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 =ilim
𝜀→0

(
𝑓[Γ(𝛾)𝑡] 𝑆𝑝,𝑞

𝑎:𝛽,𝛼
𝑖
. (𝜀𝑡−𝛼)−𝑓𝑖(𝑡)

𝜀
) lim

𝜀→0
𝜀 

 =iii 𝐷𝑆
𝛼

𝑖
. 𝑖𝑓𝑖(𝑡)𝑖 lim

𝜀→0
𝜀=ii0 

Then,ifiisicontinuousiati𝑡0.iBesides,iusingitheidefinitioniofitheitruncatediS-

series,iweicaniwrite 

𝑓 (Γ(𝛾)𝑡 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼)) = 𝑓 (Γ(𝛾)𝑡𝑖 ∑

(𝑎1𝑖)𝑘 … . (𝑖𝑎𝑝)𝑘

(𝑐1𝑖)𝑘 … . (𝑖𝑐𝑞)𝑘

𝑖

𝑛𝑖=𝑖0

𝑎𝑘(𝜀𝑡−𝛼)𝑘

k! iΓ(𝛽𝑘 + 𝛾)
) 

Ifiweiapplyitheilimitiforiεi→i0ionibothisidesiandisinceifiisicontinuous,iweiil

eti

lim
𝜀→0

𝑓 (Γ(𝛾)𝑡 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼)) = 𝑖𝑓 (Γ(𝛾)𝑡𝑖lim

𝜀→0
∑

(𝑎1𝑖)𝑘….(𝑖𝑎𝑝)𝑘

(𝑐1𝑖)𝑘….(𝑖𝑐𝑞)𝑘

𝑖
𝑛𝑖=𝑖0

𝑎𝑘(𝜀𝑡−𝛼)𝑘

k!iΓ(𝛽𝑘+𝛾)
)i

Becausei 

lim
𝜀→0

∑
(𝑎1𝑖)𝑘 … . 𝑖(𝑎𝑝)𝑘

(𝑐1𝑖)𝑘 … . (𝑖𝑐𝑞)𝑘

𝑖

𝑛𝑖=𝑖0

𝑎𝑘(𝜀𝑡−𝛼)𝑘

k! iΓ(𝛽𝑘 + 𝛾)
=

1

Γ(𝛾)
 

weicaniwrite. 

lim
𝜀→0

𝑓 (Γ(𝛾)𝑡 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼)) = 𝑓𝑖(𝑡)iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

TheifollowingitheoremiisiaboutitheibasicipropertiesiofiS-

seriesifractionaliderivatives.iiiiiiiiiiiiiiiiiiiiii 

Theoremi2. 

 Letiαi∈i(0,1],ia,b∈iRiandif,giS-

differentiableifunctionsiatiaipointiti>i0.iThen(a)ii𝐷𝑆
𝛼(afi+bg)(t)i=iai𝐷𝑆

𝛼f(t)i+

bi𝐷𝑠
𝛼g(t),i(b)ii𝐷𝑠

𝛼(fi.g)(t)i=ifi(t)i𝐷𝑠
𝛼g(t)i+if(t)i𝐷𝑠

𝛼g(t),i(c)ii𝐷𝑠
𝛼(

𝑓

𝑔𝑖
)(t)i=i

𝑔(𝑡)ii𝐷𝑠
𝛼f(t)−f(t)i𝐷𝑠

𝛼g(t))

(𝑔(𝑡))2
,(d)iIfifiisidifferentiable,thenii𝐷𝑠

𝛼(𝑓) =



(90) 
 

𝐾𝑡1−𝛼 𝑑𝑓(𝑡)

𝑑𝑡
i(e)iififi‘i(g(t))iexists,itheniii𝐷𝑆

𝛼(𝑓𝑜𝑔)(𝑡) =

𝑓𝑖 ′(𝑔(𝑡))i𝐷𝑆
𝛼𝑖𝑔(𝑡)Fori(e):iIfigiisiaiconstantifunctioniiniaineighborhoodiof

ia.iTheniclearly𝐷𝑆
𝛼if(g(a))i=i0.iNow,iassumeithatigiisinotiaiconstantifunctio

n,ithatiis,iweicanifindianiεi>i0iforianyi𝑡1,𝑡2∈i(a−ε,a+ε)isuchithatig(𝑡1) ≠

𝑔(𝑡2)iSinceigiisicontinuousiatiaiandiforismallienoughiε,iwehave 

𝐷𝑆
𝛼

𝑖
. (𝑓𝑜𝑔)(𝑎) =

lim
𝜀→0

𝑓(𝑔(Γ(𝛾) 𝑆𝑝,𝑞
𝑎:𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼)))−𝑓𝑖(𝑔(𝑎))

𝜀
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=

lim
𝜀→0

𝑓(𝑔(Γ(𝛾) 𝑆𝑝,𝑞
𝑎:𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼)))−𝑓𝑖(𝑔(𝑎))

𝑔(Γ(𝛾)𝑎 𝑆𝑝,𝑞
𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼))−𝑔(𝑎)

𝑔(Γ(𝛾) 𝑆𝑝,𝑞
𝑎:𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼))−𝑔(𝑎)

𝜀
iiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=

lim
𝜀1→0

𝑓(𝑔(Γ(𝛾) 𝑆𝑝,𝑞
𝑎:𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼)))−𝑓𝑖(𝑔(𝑎))

𝜀1
lim
𝜀→0

𝑔(Γ(𝛾) 𝑆𝑝,𝑞
𝑎:𝛽,𝛾

𝑖
. (𝜀𝑡−𝛼))−𝑔(𝑎)

𝜀
 

=if‘i((a))i𝐷𝑆
𝛼𝑔(𝑎),iwithia> 0.Examplei3.iNowiweigiveitheitruncatediS-

seriesifractionaliderivativesiofisomeiwell-

knownifunctionsibyiusingitheiresulti(8).iLetini∈iRiandiαi∈i(0,1].iTheniweih

aveitheifollowingiresults 

(a) 𝐷𝑆
𝛼

𝑖
. (𝑐𝑜𝑛𝑠𝑡. ) = 0 

(b)i 𝐷𝑆
𝛼

𝑖
. (𝑒𝑛𝑡) = 𝜅𝑛𝑡1−𝛼𝑒𝑛𝑡 

(c) 𝐷𝑆
𝛼

𝑖
. (sin 𝑛𝑡) = 𝑘𝑛𝑡1−𝛼 cos 𝑛𝑡,iii(d) 𝐷𝑆

𝛼
𝑖
. (cos 𝑛𝑡) =

−𝜅𝑛𝑡1−𝛼 sin 𝑛𝑡,iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii(e)i 𝐷𝑆
𝛼

𝑖
. (𝑡𝑛) = −𝜅𝑛𝑡𝑛−𝛼 , 

(f)i 𝐷𝑆
𝛼

𝑖
. (

𝑡𝛼

𝛼
) = 𝜅. 

Theoremi4i(Rolle’sitheorem). 
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Letiai>i0iandifi:i[a,ib]i→iRibeiaifunctionisuchithat:iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiii(a)ifiisicontinuousioni[a,ib],iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii(b)ifiisiS-

differentiableioni(a,ib)iforisomeiαi∈i(0,1),iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii(c)if(a)i=if(b).iiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiThen,ithereiexistsici∈i(a,b

),isuchithati 𝐷𝑆
𝛼

𝑖
. (𝑡𝑛)if(c)i=i0.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiProof.iLetifiisiaicontinuousifunctionioni[a,ib]iandif(a)i=if(b),it

henithereiexistsiaipointici∈i(a,ib)iatiwhichitheifunctionifihasiailocaliextreme

.iThen, 𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑐) =

lim
𝜀→0−

𝑓(Γ(𝛾)𝑐𝑖 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼))−𝑓𝑖(𝑐)

𝜀
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiii= lim
𝜀→0+

𝑓(Γ(𝛾)𝑐𝑖 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼))−𝑓𝑖(𝑐)

𝜀
.ii=i lim

𝜀→0±

𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡−𝛼)

𝜀
i=i

1

Γ(𝛾)
.th

eitwoilimitsihaveioppositeisigns.iSoi 𝐷𝑆
𝛼

𝑖
. if(c)=0. 

Theoremi5i(Meanivalueitheorem).Letiai>i0iandifi:i[a,b]i→iRibeiaifunctio

nisuchithat:i 

(a)ifiisicontinuousioni[a,b];iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii(

b)ifiisiS-

differentiableioni(a,ib)iforisomeiαi∈i(0,1).iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiThen,ithereiexistsici∈i(a,ib),isuchithat

𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑐)=iiK

𝑓(𝑏)−𝑓(𝑎)
𝑏𝛼

𝛼
𝑖−𝑖

𝑎𝛼

𝛼

 

gi(t)i=if(t)i-if(a)ii− (
𝑓(𝑏)−𝑓(𝑎)

𝑏𝛼

𝛼
𝑖−𝑖

𝑎𝛼

𝛼

) (
𝑡𝛼

𝛼
𝑖 − 𝑖

𝑎𝛼

𝛼
) 

…i(5.2.3) 
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TheifunctionigiprovidesitheiconditionsiofiRolle’sitheorem.iThen,ithereiexist

siaipointici∈i(a,b),isuchithat 𝐷𝑆
𝛼

𝑖
. 𝑔𝑖(𝑐)i=i0.iApplyingitheinewitruncatediS-

seriesifractionaliderivativeionibothisidesiofitheiequalityi(9)iandiusingitheipr

opertiesi(a)iandi(f)iofiExamplei1,iwehavetheiresult. 

Theoremi6i(Extendedimeanivalueitheorem).iLetif,g:i[a,b]i→iR,iai>i0ibeit

woifunctionsisuchithat:ii(a)if,igiareicontinuousioni[a,b];i(b)if,giareiS-

differentiableioni(a,b)iforisomeiαi∈i(0,1).Then,ithereiexistsici∈i(a,b),isuchit

hat:iii   
𝐷𝑆

𝛼
𝑖
. 𝑓𝑖(𝑐)

𝐷𝑆
𝛼

𝑖
. 𝑔𝑖(𝑐)

=
𝑓(𝑏)−𝑓(𝑎)

𝑔(𝑏)−𝑔(𝑎)
 

Proof.iConsideritheifollowingifunction:i 

F(x)i=if(t)−if(a)−ii(
𝑓(𝑏)−𝑓(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)(g(t)−g(a)) 

…i(5.2.4)iiiiiiiiiiiiii 

TheifunctioniFiprovidesitheiconditionsiofiRolle’sitheorem.iThen,ithereiexist

siaipointici∈i(a,b),isuchithati 𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑐)i=i0.iApplyingitheitruncatediS-

seriesifractionaliderivativeionibothisidesiofitheiequalityi(10)iandiusingitheip

ropertyi(a)iofiExamplei1,iweihaveitheiresult.ii 

Theoremi7.iLetiai>i0iandifi:i[a,b]i→iRibeiaifunctionisuchithat:i(a)ifiisicont

inuousioni[a,b];i(b)ifiisS-

differentiableioni(a,b)iforisomeiαi∈i(0,1).iIfiforialliti∈i(a,b) 𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑡)i=i0,ith

enifiisiaiconstantifunctionioni[a,b]. 

Proof.iAssumeithat,iforialliti∈i(a,ib),i 𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑡)i=i0,iandilet,i𝑡1, 𝑡2∈i[a,b],iwi

th𝑡1 < 𝑡2i.iSinceifiisialsoicontinuousiini[𝑡1, 𝑡2]iandiS-

differentiableiini(𝑡1, 𝑡2),ifromiRolle’sitheorem,ithereiexistsiaipointici∈i(

𝑡1, 𝑡2)iwith 

𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑐)=iiK

𝑓(𝑡2)−𝑓(𝑡1)

𝑡𝛼
2

𝛼
𝑖−𝑖

𝑡1
𝛼

𝛼

= 0.So,if(𝑡1)i=if(𝑡2).iSincei𝑡1 <

𝑡2iiareiarbitraryichosenifromi[a,b],ifihasitoibeiaiconstantfunction. 
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Corollaryi8.iLetiai>i0iandif,igi:i[a,ib]i→iRibeifunctionsisuchithatiforialli 

αi∈i(0,1)ianditi∈i(a,b),iii 𝐷𝑆
𝛼

𝑖
. f(t)i=i 𝐷𝑆

𝛼
𝑖
. g(t).iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiThen,ithereiexistsiaiconstanticisuchithatif(t)i=ig(t)i+ciProof.iApplyiTh

eoremi7iwithichoosingih(t)i=if(t)−ig(t). 

Theoremi9.iLetiKi>i0iandifi:i[a,b]i→iRibeiaifunctioniwhichicontinuousioni

[a,b]iandiS-

differentiableioni(a,b)iforisomeiαi∈i(0,1).iThen,iforialliti∈i(a,b)i•iifi 𝐷𝑆
𝛼

𝑖
. if(t)i

>i0,ithenifiisiincreasingioni[a,b],i•iifiii 𝐷𝑆
𝛼

𝑖
. f(t)i<i0,ithenifiisidecreasingioni[a

,b].iProof.iFromiTheoremi7iweiknowithatiforit1,t2∈i[a,b]ithereiexistiaici∈i(

𝑡1, 𝑡2)isuchias 𝐷𝑆
𝛼

𝑖
. 𝑓𝑖(𝑐)i=iiK

𝑓(𝑡2)−𝑓(𝑡1)

𝑡𝛼
2

𝛼
𝑖−𝑖

𝑡1
𝛼

𝛼

Ifi 𝐷𝑆
𝛼

𝑖
. if(c)i>i0ithenif(𝑡2)i>if(𝑡1)whilei

𝑡2 >

𝑡1,isoifiisiincreasingisincei𝑡1iandi𝑡2ichoseniarbitrarily.iButiifi 𝐷𝑆
𝛼

𝑖
. if(c)i<i0ith

enif(𝑡2)i>if(𝑡1)iwhilei𝑡2<𝑡1(ori(𝑡2)i>if(𝑡1)whilei𝑡2 > 𝑡1isoifiisidecreasing. 

Theoremi10.iLetiKi>i0iandif,gi:i[a,b]i→iRibeifunctionsiwhichicontinuousi

oni[a,b],iS-

differentiableioni(a,b)iforisomeiαi∈i(0,1)iandiforialliti∈i[a,b],i 𝐷𝑆
𝛼

𝑖
. if(t)i≤i 𝐷𝑆

𝛼
𝑖
.

g(t).iThen,i•iifif(a)i=ig(a),ithenif(t)i≤ig(t)iforialliti∈i[a,ib],iiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii•iifif(b)i=ig(b),i

thenif(t)i≥ig(t)iforialliti∈i[a,ib].iProof.iTheiproofiisitrivialiwheniyouiconside

ritheifunctionih(t)i=ig(t)−if(t). 

Theoremi11.iLetifi:i[0,∞)i→iRibeiaitwoitimesidifferentiableifunctioniwithit

i>i0iand𝛼1, 𝛼2𝛼1, 𝛼2∈i(0,1).iTheni 𝐷𝑆
𝛼1+𝛼2

𝑖
. if(t)i≠

𝐷𝑆
𝛼1

𝑖
. ( 𝐷𝑆

𝛼2
𝑖
. fi)i(t).Proof.iFromitheiequalityi(8)iweihavei 𝐷𝑆

𝛼1+𝛼2
𝑖
. if(t)i=iK

𝑡1−𝛼1−𝛼2ifi‘i(t)…iiii(5.2.5)ibutiforitheiotherisideiweihave 𝐷𝑆
𝛼1

𝑖
. ( 𝐷𝑆

𝛼2
𝑖
. fi)i(t)i=i

𝐷𝑆
𝛼1

𝑖
. (K𝑡1−𝛼2ifi‘i(t)) 
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=i𝐾2𝑡1−𝛼1𝑡1−𝛼2𝑓( ′(𝑡))′=i𝐾2𝑡1−𝛼1−𝛼2(1 − 𝛼2)𝑓( ′(𝑡) + 𝑡𝑓′′(𝑡)) 

…ii(5.2.6) 

Theiproofiisiclearifromi(11)iandi(12).iTheifollowingiresultiisitheidirecticons

equencesiofitheiprevioustheorem. 

Corollaryi12.iiLetifi:i[0,∞)i→iRibeiaitwoitimesidifferentiableifunctioniwith

iti>i0iandi𝛼1, 𝛼2∈i(0,1).iTheni 𝐷𝑆
𝛼1

𝑖
. ( 𝐷𝑆

𝛼2
𝑖
. fi)ii(t)i≠

𝐷𝑆
𝛼2

𝑖
. (𝑖 𝐷𝑆

𝛼1
𝑖
. ifi)ii(t).iTheifollowingidefinitioniisiaboutitheiS-

seriesifractionaliderivativeioperatoriforiαi∈i(n,n+1],n∈

𝑁.∈N.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

i 

Definitioni3.iLetiαi∈i(n,ni+i1],ini∈iNiandiforiti>i0,ifibeianitimesidifferentia

bleifunction.iTheitruncatediS-

seriesifractionaliderivativeiofiorderiαioffiisigiveniasiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

𝐷𝑀
𝛼:𝑛

𝑖
. if(t)i:=lim

𝜀→0

𝑓(Γ(𝛾)𝑡𝑖 𝑆𝑝,𝑞
𝑎:𝛽,𝛼

𝑖
. (𝜀𝑡𝑛−𝛼))−𝑓(𝑛)(𝑐)

𝜀
 

...i(5.2.7) 

iii(13)iifiandionlyiifitheilimitiexists.i 

Remarki1.iForiti>i0,iαi∈i(n,n+1]iandifori(n+1)itimesidifferentiableifunctio

nifi,iitiisieasyitoishowithatii 𝐷𝑆
𝛼:𝑛

𝑖
. if(t)i=iK𝑡𝑛+1−𝛼𝑓(𝑛+1)(t)ibyiusingi(13),i(8)

iandiinductionionin.S-

seriesiFractionaliIntegraliInithisisection,iweidefineditheicorrespondingiS-
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seriesifractionaliintegralioperatoriIiαiSif(t).iWeiwantithatiouriintegralioperat

oritoisatisfies 𝐷𝑆
𝛼

𝑖
. (𝐽𝑆

𝛼ifi(t))i=ifi(t).iiiiiiiiiiii 

LetiF(t)i=ii𝐽𝑆
𝛼ifi(t)ibeiaidifferentiableifunction,ithenifromi(8),iweihaveitheifo

llowingidifferentialiequationifi(t)i= 𝐷𝑆
𝛼

𝑖
. i(F(t))i=iK𝑡1−𝛼 𝑑𝐹(𝑡)

𝑑𝑡
iiwhichihaveiais

olutioniofitheiformifori 

𝑎𝑛 ≠ 0, 𝑖(ni=i1,2,i….iP)Fi(t)=i𝐾−1 ∫
𝑓(𝑡)

𝑡1−𝛼𝑖
𝑑𝑡 

.…5.2.8 

Thisiyieldsitheifollowingidefinition. 

Definitioni4.iLetiai≥i0ianditi≥ia,iandifiisidefinediini(a,t].iIfitheifollowingii

mproperiRiemanniintegraliexists,itheniforiαi∈i(0,1),itheiαiorderiS-

seriesifractionaliintegraliofiaifunctionifiisidefinediby𝐽𝑆
𝛼𝑓(𝑡): 𝑖=i

𝐽𝑆
𝛼 [

𝑎1, … , 𝑖𝑎𝑝

𝑐1, … , 𝑖𝑐𝑞
𝛽, 𝛾]fi(t)i=i𝐾−1 ∫

𝑓(𝑡)

𝑡1−𝛼𝑖
𝑑𝑡,...(5.2.9)whereitheiconditionsiareithe

isameiasi(7)iwithi𝑎𝑛 ≠

0,ini=i1,2,.,ip.Remarki2.IticanieasilyibeiseenifromitheidefinitioniofiS-

seriesifractionaliintegralithat,itheiintegralioperatoriisilineariandi𝐽𝑆
𝛼𝑓(𝑎)i=i0.i

Foritheirestiofitheipaper,iweiassumeithati𝑎𝑛 ≠ 0, 

ni=i1,2i,...,ip. 

Theoremi13.iLetiai≥i0,iαi∈i(0,1)iandifiisiaicontinuousifunctionisuchithati𝐽𝑆
𝛼

if(t)iexists.iTheniforiti≥ia,i 𝐷𝑆
𝛼

𝑖
. i(𝐽𝑆

𝛼f(t))i=if(t).iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii
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iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiii 

Proof.iSinceifiisicontinuous,i𝐽𝑆
𝛼if(t)iisidifferentiable.iThenifromi(8),iweihave 

𝐷𝑆
𝛼

𝑖
. i(𝐽𝑆

𝛼f(t))i=iK𝑡1−𝛼 𝑑

𝑑𝑡
𝐽𝑆

𝛼f(t)iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=ii

𝑡1−𝛼 𝑑

𝑑𝑡
(∫

𝑓(𝑡)

𝑡1−𝛼𝑖
𝑑𝑡

𝑡

𝑎
)iiii=iifi(t). 

whichicompletesitheiproofi 

Theoremi14.iLetifi:i(a,ib)i→iRibeiaidifferentiableifunctioniandiαi∈i(0,1].iT

hen,iforialliti>ia,iweihaveiii𝐽𝑆
𝛼(i 𝐷𝑆

𝛼
𝑖
. f(t))i=if(t)−if(a).iProof.iSinceitheifunctio

nifiisidifferentiable,ibyiusingitheifundamentalitheoremioficalculusiforitheiin

teger-

orderiderivativesiandi(8),iweigeti𝐽𝑆
𝛼(i 𝐷𝑆

𝛼
𝑖
. f(t))i=i𝐾−1 ∫

𝐷𝑆
𝛼

𝑖
. 𝑓(𝑡)

𝑡1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥=i

∫
𝑑𝑓(𝑡)

𝑑𝑡
𝑑

𝑡

𝑎
𝑥=f(t)i–ifi(a)i.iiwhichigivesitheiresult.ii 

Remarki3.iIfif(a)i=i0itheni𝐽𝑆
𝛼(i 𝐷𝑆

𝛼
𝑖
. if(t))ii= 𝐷𝑆

𝛼
𝑖
. (𝐽𝑆

𝛼f(t))ii=if(t). 

Theoremi15.iLetifi:i[a,ib]i→iRibeiaicontinuousifunctioniwithi0i<iai<ibiand

iαi∈i(0,1).iTheniforiKi>i0iweihavei|𝐽𝑆
𝛼𝑖𝑓(𝑡)| ≤

𝐽𝑆
𝛼|𝑓|(𝑡).Proof.iiFromitheidefinitioniofiiSi–

iseriesifractionaliintegraliweihavei 
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|𝐽𝑆
𝛼𝑖𝑓(𝑡)|i=i|𝐾−1 ∫

𝑓(𝑥)

𝑥1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥| ≤ |𝐾−1| |∫

𝑓(𝑥)

𝑥1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥| ≤

𝑖𝐾−1 |∫
𝑓(𝑥)

𝑥1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥|iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=i𝐾−1 ∫
𝑓(𝑥)

𝑥1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥,iiiiiiiwh

ichicompletesitheiproof. 

Corollaryi16.iLetifi:i[a,ib]i→iRibeiaicontinuousifunctionisuchithatiiiiiNi=i

sup
𝑡∈[𝑎,𝑏]

|if(t)|. 

Then,iforialliti∈i[a,ib]iwithi0i<iai<ib,iαi∈i(0,1)iandiKi>i0iweihavei|𝐽𝑆
𝛼if(t)|i

≤i𝐾−1Ni(
𝑡𝛼

𝛼
𝑖 − 𝑖

𝑡𝛼

𝛼
)i.iProof.iFromitheipreviousitheoremiweihave 

|𝐽𝑆
𝛼𝑖𝑓(𝑡)| ≤

𝐽𝑆
𝛼|𝑓|(𝑡).i=ii𝐾−1 |∫

|𝑓𝑖(𝑥)|

𝑥1−𝛼𝑖
𝑑

𝑡

𝑎
𝑥|iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=i𝐾−1𝑁𝑖 ∫ 𝑥𝛼−1𝑡

𝑎
𝑑𝑥. 

Whichigivesitheiresult. 

Theoremi17.iLetif,g:[a,b]i→iRibeitwoidifferentiableifunctionsiandiαi∈i(0,1

).iTheniˆiiiiiiiiiiiiiiiiiiiiiii∫ 𝑓𝑖(𝑡) 𝐷𝑆
𝛼

𝑖
.𝑏

𝑎
𝑔(𝑡)𝑖𝑑𝛼𝑡=i 

f(t)g(t)𝛪𝑎
𝑏 − ∫ 𝑔(𝑡)

𝑏

𝑎
𝐷𝑆

𝛼𝑖𝑓(𝑡)𝑖
. 𝑑𝛼𝑡, 𝑖whereii𝑑𝛼𝑡𝑖=i𝐾−1𝑡𝛼−1𝑑𝑡.. 

Proof.iUsingitheidefinitioniofiS-

seriesifractionaliintegrali(14),i(8)iandiapplyingitheifundamentalitheoremiofi

calculusiforiinteger-orderiderivatives,iweiget 
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∫ 𝑓𝑖(𝑡) 𝐷𝑆
𝛼

𝑖
.𝑏

𝑎
𝑔(𝑡)𝑖𝑑𝛼𝑡ii=i𝐾−1 ∫

𝑓𝑖(𝑡)

𝑡1−𝛼𝑖
𝐷𝑆

𝛼𝑖𝑖𝑔(𝑡)𝑖
. 𝑑

𝑡

𝑎
𝑡=i∫ 𝑓𝑖(𝑡)

𝑏

𝑎

𝑑𝑔(𝑡)

𝑑𝑡
𝑖𝑑𝑡ii=iif(t

)g(t)i𝛪𝑎
𝑏 −

∫ 𝑔(𝑡)
𝑏

𝑎

𝑑𝑖𝑓(𝑡)

𝑑𝑡
𝑑𝑡iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=iif(t)g(t)i𝛪𝑎
𝑏 − ∫ 𝑔(𝑡)

𝑏

𝑎
𝐷𝑆

𝛼𝑖𝑓(𝑡)𝑖
. 𝑑𝛼𝑡. 

Whichicompletesitheiproof.iNowiweidefineitheiS-

seriesifractionaliintegraliforiαi∈i(n,in+1]iasifollows.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

Definitioni5.iLetiai≥i0ianditi≥ia,iandifiisidefinediini(a,t].iIfitheifollowingii

mproperiRiemanniintegraliexists,itheniforiαi∈i(n,n+1),itheiαiorderiS-

seriesifractionaliintegraliofiaifunctionifiisidefinediby 

𝐽𝑆
𝛼:𝑛𝑓(𝑡): 𝑖=i𝐽𝑆

𝛼:𝑛 [
𝑎1, … , 𝑖𝑎𝑝

𝑐1, … , 𝑖𝑐𝑞
𝛽, 𝛾]fi(t)iii=i𝐾−1 ∫ 𝑑𝑡

𝑡

𝑎
∫ 𝑑𝑡

𝑡

𝑎
… 𝑖 ∫

𝑓(𝑡)

𝑡𝑛+1−𝛼𝑖

𝑡

𝑎
𝑑𝑡,.iiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…(5.2.9) 

whereitheiconditionsiareitheisameiasi(7)iwithii𝑎𝑛 ≠ 0,ini=i1,2,...,ip. 

iTheifollowingitheoremiisiaigeneralizationiofi 

Theoremi18.iLetiαi∈i(n,in+1]iandifi:i[a,∞)→iRibei(n+1)itimesidifferentiabl

eifunctioniforiti>ia.iTheniweihaveii𝐽𝑆
𝛼:𝑛(i 𝐷𝑆

𝛼:𝑛
𝑖
. if)i(t)i=ifi(t)i-

i∑
𝑓(𝑘)𝑖(𝑎)(𝑡−𝑎)𝑘

𝑘𝑖!

𝑛
𝑘=0  

Proof.iFromi(7)iandi(15)iweihave 



(99) 
 

𝐽𝑆
𝛼:𝑛(i 𝐷𝑆

𝛼:𝑛
𝑖
. if)i(t)i=i𝐾−1 ∫ 𝑑𝑡

𝑡

𝑎
∫ 𝑑𝑡

𝑡

𝑎
… 𝑖 ∫

𝐷𝑆
𝛼:𝑛

𝑖
. 𝑓(𝑡)

𝑡𝑛+1−𝛼𝑖

𝑡

𝑎
𝑑𝑡=i

∫ 𝑑𝑡
𝑡

𝑎
∫ 𝑑𝑡

𝑡

𝑎
… ∫ 𝑓(𝑛+1)𝑡

𝑎
(𝑡)𝑑𝑡. 

Whichigivesitheiresult. 

3.iApplicationsitoiS-seriesiFractionaliDifferentialiEquationsii 

Inithisisection,iweiobtaineditheigeneralisolutionsiofilinearifractionalid

ifferentialiequationsiincludingitheiS-

seriesifractionaliderivativeioperator.Examplei19.iLetiui=iu(t)iisiaiM-

differentiableifunctioniandiassumeithatiforiαi∈i(0,1]itheilineariM-

seriesifractionalidifferentialiequationi 

DM
α

i
. u(t)i+ip(t)u(t)i=iq(t)i 

….i(5.3.1)iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 

isigiven.iIfiuiisialsoiaidifferentiableifunctionithenibyiusingi(8),iweigetiailine

ariordinaryidifferentialiequation 

𝑑𝑢(𝑡)

𝑑𝑡
+ 𝐾−1𝑡𝛼−1𝑝(𝑡)𝑢(𝑡) = 𝐾−1𝑡𝛼−1𝑞(𝑡). 

Theiintegratingifactoriofitheiequationicanibeifoundiasiµ(t)i=i𝑒𝐾 ∫ 𝑡𝛼−1
𝑝(𝑡)𝑑𝑡

,iwhichiyieldsitheisolutionii 

u(t)i=i𝑒
−𝐾−1 ∫

𝑝(𝑡)

𝑡1−𝛼𝑖𝑑𝑡𝑖[𝐾−1 ∫
𝑞(𝑡)

𝑡1−𝛼𝑖𝑒
𝐾−1 ∫

𝑝(𝑡)

𝑡1−𝛼𝑖
𝑑𝑡𝑖𝑖

𝑑𝑡+𝐶𝑖]𝑖,
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whereiCiisiaiconstant.iByidefinitioniofitheiM-

seriesiintegralioperatoriweicaniwriteitheilastiequalityiasi 

u(t)i=i𝑒−𝐽𝑀
𝛼 𝑖𝑝(𝑡)[𝑖𝐽𝑀

𝛼 (𝑞(𝑡)𝑒−𝐽𝑀
𝛼 𝑖𝑝(𝑡)) + 𝐶], 𝑖 

… . (5.3.2) 

Ifiweichooseip(t)i=i−λ,iq(t)i=0,ithenitheilineariM-

seriesifractionalidifferentialiequation(16)iturns DM
α

i
. u(t)=i𝜆𝑢(𝑡).anditheigener

alisolutionicanibeifoundifromi(17)iasiu(t)i=iCi𝑒−𝐾−1 𝜆

𝛼𝑖
𝑡𝛼.iSincei𝑒𝑡 =

𝑀1.1
1.1(𝑡). 𝑖∞

. weicaniwriteitheisolutioniusingitruncatediM-

seriesiasiiu(t)i=iC 𝑀1.1
1.1 (−𝐾−1 𝜆

𝛼𝑖
𝑡𝛼) . 𝑖∞

.  

Foritheifixedivaluesi𝑎𝑛i=i1,i𝑐𝑚i=i1,i(ni=i1,2,...,ip;imi=i1,2,...,q),ithisiresulti

coincidesiwithitheiresultsigiveniini[27]iwheniλi=i1iandicoincidesiwithitheic

orrespondingiinteger-orderiresultiwheniαi=iβi=iλi=i1,a=1iandik!=1

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝛽 = 1.0𝑖𝑎𝑛𝑑𝑖𝛾 = 1.0𝛽 = 1.0andi𝛾 = 0.5 
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𝛽 = 0.5𝑖𝑎𝑛𝑑𝑖𝛾 = 0.5𝛽 = 0.5𝑖𝑎𝑛𝑑𝑖𝛾 = 1.0 

Fig.i1iTheigraphsiofi(18)ifromiαi=i0.25i(green)itoiαi=i1.00i(black)ibyistepis

izei0.25. 

Initheifollowing,itheireadericanifinditheigraphsiofitheisolutionifunctioni(18)

iforidifferentiα,βiandiγivaluesiwithitheifixedivaluesiCi=iλi=i1iandi𝑎𝑛i=i1,i

𝑐𝑚i=i1,i(ni=i1,2,...,ip;imi=i1,2,...,q). 

4.ConcludingiRemarksiandiObservations: 

iInithisipaper,iweifirstipresentediaifractionaliderivativeioperator,iwhichiisial

soiaigeneralizationiofitruncatediM-

fractionaliderivative,ibyiusingigeneralizediS-

series.iTheniweidefinedtheicorrespondingiintegralioperator.iUnlikeifractiona

lioperatorsiwithidifferentikernels,iweishowedithatithereiareimanyicommonip

ropertiesiprovidedibyibothitheseianditheicorrespondingiinteger-

orderioperators.iWeialsoiuseditheseioperatorsiinidifferentialiequationiproble

msiasiapplicationsiTheseiproblemsiareiharditoisolveiusingitheiclassicalidefi

nitionsiofifractionaliderivatives.iBesides,ifromiequalityi(e)iofiExamplei1,iw

eiobservedithat,iforipolynomials,itruncatediM-

seriesifractionaliderivativeicoincidesiwithitheiRiemann-
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LiouvilleiandiCaputoifractionaliderivativesi[20]iupitoiaiconstantimultiple.iIn

ithisicase,iweicanisayithatitheitruncatediS-

seriesifractionaliderivativeioperatoricanibeiusediinsteadiofiRiemann-

LiouvilleioriCaputoitypeiderivativesi(andialsoitheirigeneralizations)itoisolve

isomeidifficultiproblems.iOuridefinitioniisialsoiaigeneralizationiofitheiM-

fractionaliderivativeiforipi=iqi=i1iwhichidefinediini[38].iItiisialsoipossibleit

oidefineinewifractionaliderivativesibyiusingiotherispecialifunctionsiinsteadi

ofiS-series.iSinceiS-

seriesiisiaigeneraliclassiofispecialifunctions,iallifutureidefinitionsihaveiaicha

nceitoibeitheispecialicasesiofiouridefinition.i 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter-6 

APPLICATIONSiOFiFRACTIONALiCALCULUSiINiMECHAN

ICALiENGINEERING 

6.1iIntroduction: 
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 Thisichapteriprovidesiaistudyioffractionalimechanics,iwhereithe

itimeiderivativeiisireplacediwithiaifractionaliderivativeiofiorderi𝛼.iWeitheni

solveisomeisimpleifractionalidifferentialiequationsiofimechanics.i  

Inifractionalimechanics,iNewton’sisecondilawiofimotionibecomesiFi=imai=i

m𝐷∗
𝛼𝑣, 𝑖whereimiisitheimassiofitheibodyiinimotion.iWhenitheiforceiisiconst

ant,itheibodyimovesiwithiaiconstantifractionaliaccelerationiofi
𝐹

𝑚
.iNowiconsi

deritheiverticalimotioniofiaibodyiiniairesistingimediumiiniwhichithereiexists

iaresistingiforceiproportionalitoitheifractionalivelocity,iasiisisometimesitheic

aseiwithiviscoelasticidragiinicertainitypesiofimaterialsilikeipolymersii[15].

Weiassumeitheibodyiisiprojectedidownwardiwithizeroiinitialivelocityi(iv(0)i

=i0i)iiiniaiuniformigravitationalifield.iiForisomeiconstantikidenotingiitheirat

ioiofiiresistanceitoiifractionalivelocity 

,itheiequationofmotioniisiigiveniibyi:iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiii 

Fi=im𝐷∗
𝛼+2𝑣 = 𝑚𝑔 − 𝑘𝑣…(6.1.1) 

Applyingiaifractionaliintegraliofidegreeii𝛼ini(6.1.1)iandidividingibothisidesi

byimiweigeti: 

vi(t)i=ig𝐽𝛼+2[1] −
𝑘

𝑚
𝐽𝛼+2[𝑣(𝑡)]…(6.1.2) 

iMultiplyibothisidesibyi(−
𝑘

𝑚
)𝑛𝐽𝑛(𝛼+2)𝑖𝑖𝑖𝑛𝑖𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑖(6.1.2)andisumibothis

idesiiforinifromi0itoi∞weigeti 
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∑ (−
𝑘

𝑚
)

𝑛
𝐽𝑛(𝛼+2)∞

𝑛=0 𝑖𝑣(𝑡) =g∑ (−
𝑘

𝑚
)

𝑛
𝐽𝑛(𝛼+2)∞

𝑛=0 𝐽𝛼+2[1] −

∑ (−
𝑘

𝑚
)

𝑛
𝐽𝑛(𝛼+2)∞

𝑛=0
𝑘

𝑚
𝐽𝛼+2𝑣(𝑡) 

∑ (−
𝑘

𝑚
)

𝑛
𝐽𝑛(𝛼+2)∞

𝑛=0 𝑖𝑣(𝑡) =g∑ (−
𝑘

𝑚
)𝑛𝐽(𝑛+1)(𝛼+2)∞

𝑛=0 [1] +

∑ (−
𝑘

𝑚
)

(𝑛+1)
𝐽(𝑛+1)(𝛼+2)∞

𝑛=0 𝑖𝑣(𝑡) ∑ (−
𝑘

𝑚
)

𝑛
𝐽𝑛(𝛼+2)∞

𝑛=0 𝑖𝑣(𝑡) − 

∑ (−
𝑘

𝑚
)

(𝑛+1)

𝐽(𝑛+1)(𝛼+2)∞
𝑛=0 𝑖𝑣(𝑡) =g∑ (−

𝑘

𝑚
)𝑛𝐽(𝑛+1)(𝛼+2)∞

𝑛=0 [1] 

Theitwoisumsionitheilefticanceliieachiotheriioutiexceptiiforiitheini=i0icases,

igivingiivi(t)i=ig∑ (−
𝑘

𝑚
)

𝑛
𝐽(𝑛+1)(𝛼+2)∞

𝑛=0 (1) 

Weiknowiithat𝐽𝑛𝛼[1] =

𝑡𝑛𝛼

Γ(𝑛𝛼+1)
.iReplacingiiniwithin+1iandipluggingithisiintoiiouriformulaiiweiget:i 

vi(t)i=ig∑ (−
𝑘

𝑚
)

𝑛
∞
𝑛=0

𝑡(𝑛+1)(𝛼+2)

Γ((𝑛+1)(𝛼+2)+1)
i=i

𝑚𝑔

𝑘
∑ (−1)𝑛+1 (

𝑘

𝑚
)

𝑛
∞
𝑛=1

𝑡(𝑛+1)(𝛼+2)

Γ((𝑛+1)(𝛼+2)+1)
…(6.1.3) 

whichiisitheirequirediresult𝑖𝑖𝑖𝑓𝑖𝑤𝑒𝑖𝑝𝑢𝑡𝑖𝑖𝑖𝑖𝑛 = 𝑛 + 1, 𝑖𝑖𝛼 = 𝛼 + 2then 

V(t)i=
𝑚𝑔

𝑘
∑ (−1)𝑛+1 (

𝑘

𝑚
)

𝑛
∞
𝑛=1

𝑡𝑛𝛼

Γ(𝑛𝛼+1)
ii=i

𝑚𝑔

𝑘
∑∞

𝑛=1

(−1)𝑛+1(
𝑘

𝑚
𝑡𝛼)

𝑛

Γ(𝑛𝛼+1)
iiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiii=i
𝑚𝑔

𝑘𝑖
[1 − ∑∞

𝑛=0

(−
𝑘

𝑚
𝑡𝛼)

𝑛

Γ(𝑛𝛼+1)
]=i

𝑚𝑔

𝑘
[1 −

𝐸𝛼,1 (−
𝑘

𝑚
𝑡𝛼)]…(6.1.4) 
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Andisoiweihaveifoundiaisolutioniforiv(t).iThisiproblemiwasisolvediiniaipap

eribyiiJungiandiiChungi[13]. 

6.2iNowiconsideritheifractionaliharmonicioscillatoriproblem:iThefractio

naliharmonicioscillatoriproblemiisigiveniasiunder: 

m𝐷∗

1

2
𝛼

x(t)i=i-im𝜔2𝑥(𝑡)withitheiinitialicondition:i…(6.2.1) 

x(0)i=iA,iii(𝐷∗
𝛼/2

𝑥)i(0)i=i𝑣0 

Applyingiiaifractionaliintegraliofiorderii3𝛼/

2itoiitheiiequationi(6.2.1)iandidividingibothiisidesiibyim,iiweiget:ii𝐷∗
𝛼x(t)i-

i𝑣0i=i-i𝜔2𝐽3𝛼/2𝑥(𝑡) 

Movei𝑣0𝑖𝑖𝑡𝑜𝑖𝑡ℎ𝑒𝑖𝑖𝑜𝑡ℎ𝑒𝑟𝑖𝑖𝑠𝑖𝑑𝑒𝑖𝑎𝑛𝑑𝑖𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑒𝑖𝑖𝑜𝑛𝑐𝑒𝑖𝑎𝑛𝑑𝑖𝑤𝑒𝑖𝑔𝑒𝑡: 𝑖𝑖 

x(t)i–Ai=i𝑣0𝐽𝛼1 − 𝜔2𝐽
𝛼

2𝑥(𝑡)…(6.2.2) 

Nowimultiplyibothisidesiiofitheiiequationi(6.2.2)ibyi(– i𝜔2)𝑚𝐽2𝑚𝛼 

toiget:(−i𝜔2)𝑚𝐽2𝑚𝛼x(t)ii−(−𝜔2)(−i𝜔2)𝑚𝐽2(𝑚+1)𝛼 

𝑥(𝑡)i=i𝑣0(−i𝜔2)𝑚𝐽
(4𝑚+1)𝛼

2 [1] + 𝐴(−i𝜔2)𝑚𝐽2𝑚𝛼[1] 

Nowisummingibothisidesiformifromi0itoi∞𝑖𝑦𝑖𝑒𝑙𝑑𝑠: 

∑ (−i𝜔2)𝑚𝐽2𝑚𝛼x(t)∞
𝑚=0 −

∑ (−i𝜔2)𝑚+1𝐽2(𝑚+1)𝛼𝑥(𝑡)∞
𝑚=0 i=𝑣0 ∑ (−i𝜔2)𝑚𝐽(4𝑚+1)𝛼/2[1]∞

𝑚=0 +

𝐴 ∑ (−i𝜔2)𝑚𝐽2𝑚𝛼[1]∞
𝑚=0  
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x(t)i+∑ (−i𝜔2)𝑚𝐽2𝑚𝛼𝑥(𝑡)∞
𝑚=1 -

i∑ (−i𝜔2)𝑚+1𝐽2𝑚𝛼𝑥(𝑡)∞
𝑚=1 i=i𝑣0 ∑ (−i𝜔2)𝑚𝐽(4𝑚+1)𝛼/2𝑖[1]∞

𝑚=0 +

𝐴 ∑ (−i𝜔2)𝑚𝐽2𝑚𝛼[1]∞
𝑚=0 iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiix(t)i=i

𝑣0 ∑ (−i𝜔2)𝑚𝐽(4𝑚+1)𝛼/2[1]∞
𝑚=0 + 𝐴 ∑ (−i𝜔2)𝑚𝐽2𝑚𝛼[1]∞

𝑚=0  

i=i𝑣0 ∑ (−i𝜔2)𝑚 𝑡(4𝑚+1)𝛼/2

Γ((4𝑚+1)𝛼/2+1)
∞
𝑚=0 +

𝐴 ∑ (−i𝜔2)𝑚∞
𝑚=0

𝑡2𝑚𝛼

Γ(2𝑚𝛼+1)
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=i

𝐴 ∑
(−1)𝑚(𝜔𝑡𝛼)2𝑚

Γ(2𝑚𝛼+1)
∞
𝑚=0 i+i

𝑣0

𝜔1/2
∑

𝑖(−1)𝑚(𝑖𝜔𝑡𝛼)(4𝑚+1)/2

Γ((4𝑚+1)𝛼/2+1)

∞𝑖𝑖
𝑚=0 iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=iA𝐶𝛼,1(𝜔𝑡𝛼)+i
𝑣0

𝜔1/2
𝑆𝛼,1(𝜔𝑡𝛼)iiiiwherei𝐶𝛼,1iiandi

𝑆𝛼,1iiareitheiMittag-Lefflericosineiandisineifunctions:𝐶𝛼,1(𝑥) =

(−1)𝑚(𝑥)2𝑚

Γ(2𝑚𝛼+1)
,

𝑆 𝛼,1
(𝑥) = 𝑖

𝑖(−1)𝑚(𝑖𝑥)(4𝑚+1)/2

Γ((4𝑚+1)𝛼/2+1)
Mittag-

Lefflericosineiandisineifunctionsicanialsoibeiwrittenias:𝑖𝐶𝛼,1(𝑥) =

1

2
[𝐸𝛼,1(𝑖𝑥) + 𝐸𝛼,1(−𝑖𝑥)]𝑖, 𝑆𝛼,1(𝑥) =

1

2
[𝐸𝛼,1(𝑖𝑥) −

𝐸𝛼,1(−𝑖𝑥)]iiTheseiformulasiareiianalogousitoitheiiformulasiiforicosineiiandi

sineiinitermsiofi𝑒𝑖𝑥iandi𝑒−𝑖𝑥. [13]Thisicompletesitheianalysis. 

Conclusion:Theiapplicationsiofifractionalicalculusicanibeiseeniinimanyiare

asiofiengineeringiandisciences.ItihasibeeniplayedianiimportantiroleiiniMech

anicaliengineering.iInithisichapter,iweihaveiobtaineditheiclosed-

formisolutioniofifractionalidifferentialiequationiassociatediwithiNewton’sla

wiofifractionaliorderiandifractionaliharmonicioscillatoriprobleminitermsiofi

Mittag-

LefflerifunctioniTheiresultsiareiobtainediini[13]iiareispecialcasesiofiourresul

t. 
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Chapteri7 

NewiApproachiiofiDerivativeiofiArbitraryiorderiwithou

tiSingulariKernel 

7.1Introduction:i 

 

Inithisiendeavor,iainewiapproachiofitheiderivativeiofiarbitraryiorderi(FD)iw

ithitheikerneliofitheismoothitypeithatigainsidifferentidepictionsiforitheitemp

oraliandispatialivariablesihasibeenigiven.iItifirstiappliesitoitheitimeivariable

siandihenceiitiisifititoiuseitransformiofiLaplaceitypei(LT).iSecondly,iaidefin

itioniisilinkeditoitheispatialitypeivariables,ibyiaiglobaliderivativeiofiarbitrar

yiorderi(FD),iforiwhichiweiwilliapplyitheitransformiofiFourieritypei(FT).iT

heicourtesyiforithisinewimethodologyiwithiaiikerneliofiregularitypeiwasinati

veifromitheivisionithatithereiisiaiperiodiofiglobalisystems,iwhichicanidesign

ateitheimaterialiheterogeneitiesianditheifluctuationsiofiunlikeiscales,iwhichi

cannotibeiwellidescribedibyitraditionalilocalitheoriesioribyiarbitraryiorderim

odelsiwithitheikerneliofisingularitype. 

7.2iAinewifractionalitimeiderivative:iiii 

LetiusirecallitheiusualiCaputoifractionalitimeiderivativei(i𝑈𝐹𝐷𝑡)iofiorderiα,i

giveniby 

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) =

𝑖
1

Γ(1−𝛼)
∫

𝑓′𝑖(𝜏)

(𝑡−𝜏)
𝑑𝜏

𝑡

𝑎
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…i(7.2.1)i 

withiαi∈i[0,1]iandiai∈i[−∞,t),ifi∈𝐻1i(a,b),ibi>ia.iByichangingitheikernelii

(𝑡 −

𝜏)−𝛼iwithitheifunctioniexpi(−i
𝛼

1−𝛼
it)iandii

1

Γ(1−𝛼)
withii

𝑀(𝑎)

1−𝑎
,iandiweireplaceie

xponentialifunctionibyiMittag-

iLefflerifunctioniiweiobtainitheifollowinginewidefinitioniofifractionalitimei

derivativeiNFD 
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𝐷𝑡
(𝛼)𝑓𝑖(𝑡) =

𝑖
𝑀(𝛼)

(1−𝛼)
∫ 𝑓′(𝜏) 𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

−∞
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…iii(7.2.2) 

whereiM(α)iisiainormalizationifunctionisuchithatiM(0)i=iM,(1)i=i1.iAccordi

ngitoitheidefinitioni(7.2.2),itheii𝑁𝐹𝐷𝑡iisizeroiwhenif(t)iisiconstant,iasiinithe

ii𝑁𝐹𝐷𝑡i,ibut,icontraryitoitheiii𝑈𝐹𝐷𝑡,itheikernelidoesinotihaveisingularityifor

iti=iτ.iTheinewiNFDticanialsoibeiapplieditoifunctionsithatidoinotibelongito

𝐻1ii(a,ib).iIndeed,itheidefinitioni(7.2.2)icanibeiformulatedialsoiforifi∈𝐿1i(−

∞,ib)iandiforianyiαi∈i[0,1]ias 

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) = 𝑖

𝛼𝑀(𝛼)

(1 − 𝛼)
∫(𝑓(𝑡) −𝑓(τ))𝐸𝛽 [−

𝛼(𝑡 − 𝜏)

1 − 𝛼
] 𝑑𝜏

𝑡

−∞

 

Now,iitiisiworthiobservingithatiifiweiputii 

σi=i
1−𝛼

𝛼
∈i[0,i∞]i,iαi=i

1

1+𝜎
∈i[0,1]iitheidefinitioni(7.2.2)iofi𝑁𝐹𝐷𝑡iassumesithe

iformi 

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) =

𝑖
𝑁(𝜎)

σ
∫ 𝑓′(𝜏) 𝐸𝛽 [−

(𝑡−𝜏)

𝜎
] 𝑑𝜏

𝑡

𝑎
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…ii(7.2.3)iii 

iwhereiσi∈i[0,∞]iandiN(σ)iisitheicorrespondinginormalizationitermiofiM(α),

isuchithatiN(0)i=iN(∞)i=i1.iMoreover,ibecausei 

lim
𝜎→0,𝑖𝑖𝑖𝛽→1𝑖

1

𝜎
𝐸𝛽 [−

(𝑡−𝜏)

𝜎
] = 𝛿(𝑡 − 𝜏)𝑖i…i(7.2.4)ii 

andifori𝛼 → 1, 𝑖𝑤𝑒𝑖ℎ𝑎𝑣𝑒𝑖𝜎 → 0. 

iTheni(iseei[35]iandi[36]i) 

lim
𝛼→1
𝑘→1

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) =

𝑀(𝛼)

(1−𝛼)
∫ 𝑓′(τ))𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
iiiiiiiiiiiiiiiiiiiiiiiiii…iiii(7.2.

5)i 

lim
𝛼→1
𝑘→1

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) = 𝑖𝑖lim

𝜎→0

𝑁(𝜎)

𝜎
∫ 𝑓′(τ))𝐸𝛽 [−

(𝑡 − 𝜏)

𝜎
] 𝑑𝜏

𝑡

𝑎

 



(109) 
 

Otherwise,iwheniαi→i0,ik→ 1itheniσi→i+∞.iHenceii 

lim
𝛼→0

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) = lim

𝛼→0

𝑀(𝛼)

𝑖(1 − 𝛼)
∫ 𝑓′(τ))𝐸𝛽 [−

𝛼(𝑡 − 𝜏)

1 − 𝛼
] 𝑑𝜏

𝑡

𝑎

 

lim
𝛼→1

𝐷𝑡
(𝛼)𝑓𝑖(𝑡) = 𝑖𝑖 lim

𝜎→∞

𝑁(𝜎)

𝜎
∫ 𝑓′(τ)𝐸𝛽 [−

(𝑡 − 𝜏)

𝜎
] 𝑑𝜏

𝑡

𝑎

 

=iiifi(t)i–ifi(a)iii…ii(7.2.6)iii 

Letiusiconsider,itheii𝑁𝐹𝐷𝑡iofiaiparticularifunction,iasif(t)i=isinωt,iforiαi=i0.

65,iai=i−8iandiωi=i1,iwhenibeitakeii𝛽i=1itheigraphiisisimilaritoiiCaputoian

diFabrizio, 

𝐷𝑡
0.65 sin 𝜔𝑡 =

𝑀𝑖(0.65)

0.35
∫ 𝑐𝑜𝑠𝜏𝑖𝐸𝛽[−2(𝑡 − 𝜏)]

𝑡

𝑎
𝑑𝜏.…ii(7.2.7) 

Theisimulationiofithisiderivativeiproducesitheifollowingipicturesiii 

 

 

(1).iSimulationiofii𝑁𝐹𝐷𝑡i(6.1.7),iwithiαi=i0.65iinitheitimeiintervali[−8,25] 
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(2).iSimulationiofi𝑈𝐹𝐷𝑡i(2.1),iwithiαi=i0.65iinitheitimeiintervali[−8,25]iii 

Fromitheseitwoisimulationsiwithiαi=i0.65,iitiappearsiasitheiclassicalii𝑁𝐹𝐷𝑡i

isiveryisimilaritoitheii𝑈𝐹𝐷𝑡i.iOtherwise,iwheniweistudyimodelsiwithiαiclos

eitoi0,iweiseeiaidifferentibehavior 

 

(3).iSimulationiofi𝑁𝐹𝐷𝑡i(2.7)iwithiαi=i0.1iinitheitimeiintervali[−8,50] 



(111) 
 

 

 

 

 

(4).iSimulationiofii𝑈𝐹𝐷𝑡i(2.1),iwithiαi=i0.1iinitheitimeiintervali[-8,i50]iiiii 

Soithat,iforiαi=i0.1iiniFig.3iandiFig.i4iweiobserveidifferentiactionsibetween

ii𝑁𝐹𝐷𝑡andi𝑈𝐹𝐷𝑇isimulations.iIniparticular,itheiclassicaliUFDtiisimoreiaffe

ctedibyitheipast,icomparediwithitheiNFDiwhichishowsiairapidistabilization.i

Ifini≥i1,iandiαi∈i[0,1]itheifractionalitimeiderivative𝐷𝑡
𝛼+𝑛iif(t)iofiorderi(n+α

)iisidefinedby 

𝐷𝑡
𝛼+𝑛𝑓𝑖(𝑡) = 𝑖𝐷𝑡

𝛼𝑓𝑖(𝑡)(𝐷𝑡
𝑛𝑓𝑖(𝑡))…ii(7.2.8) 

Theoremi1.iFori𝑁𝐹𝐷𝑡i,iifitheifunctionif(t)iisisuchithati𝑓(𝑠)i(a)i=i0i, 

si=i1,2,..,ni 

then,iweihaveiiiiii 

𝐷𝑡
𝑛(𝐷𝑡

𝛼𝑓𝑖(𝑡)) =

𝑖𝐷𝑡
𝛼(𝐷𝑡

𝑛𝑓𝑖(𝑡))iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…i(7.2.9) 

iProof.iWeibeginiconsideringini=i1,ithenifromidefinitioni(2.8)iofii𝐷𝑡
(𝛼+1)if(

t),iweiobtaini 
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𝐷𝑡
𝛼(𝐷𝑡

1𝑓𝑖(𝑡))i=ii
𝑀(𝛼)

𝑖(1−𝛼)
∫ 𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiii…ii(7.

2.10)iiii 

Hence,iafteriintegrationibyipartsiandiassumingifi′i(a)i=i0,iweihaveiiiii 

𝐷𝑡
𝛼(𝐷𝑡

1𝑓𝑖(𝑡))i=ii
𝑀(𝛼)

𝑖(1−𝛼)
∫ (

𝑑

𝑑𝜏
𝑓(τ))𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
 

=i
𝑀(𝛼)

𝑖(1−𝛼)
[∫

𝑑

𝑑𝜏
𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
−

𝛼

1−𝛼
∫ 𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
] 

=i
𝑀(𝛼)

𝑖(1−𝛼)
[𝑖𝑓(𝑡) −

𝛼

1−𝛼
∫ 𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
] 

Otherwise 

𝐷𝑡
1(𝐷𝑡

𝛼𝑓𝑖(𝑡))i=i
𝑑

𝑑𝑡
𝑖(

𝑀(𝛼)

𝑖(1−𝛼)
∫ 𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
) 

=iiii
𝑖𝑀(𝛼)

𝑖(1−𝛼)
[𝑖𝑓(𝑡) −

𝛼

1−𝛼
∫ 𝑓(τ)𝐸𝛽 [−

𝛼(𝑡−𝜏)

1−𝛼
] 𝑑𝜏

𝑡

𝑎
] 

Itiisieasyitoigeneralizeitheiproofiforianyini>i1.i 

Initheifollowing,iweisupposeitheifunctioniM(α)i=i1.ii 

7.3iTheiLaplaceitransformiofithei𝑵𝑭𝑫𝒕 

iToistudyitheipropertiesiofithei𝑁𝐹𝐷𝑡,idefinediiniequationi(2.3)iwithiai=i0,ih

asipriorityitheicomputationiofiitsiLaplaceitransformi(LT)igiveniwithipivaria

blei 

LTi[𝐷(𝛼)
𝑡𝑖𝑓(𝑡)]i=i

1

(1−𝛼)
∫ 𝐸𝛽 −𝑝𝑡 ∫ 𝑓(𝜏)

𝑡

0

∞

0
𝐸𝛽 −

𝛼(𝑡−𝜏)

(1−𝛼)
𝑖𝑑𝜏𝑑𝑡 

iHence,ifromitheipropertyiofiLaplaceitransformioficonvolution,iweihaveiiii 

iLTi[𝐷(𝛼)
𝑡𝑖𝑓(𝑡)] =

1

(1−𝛼)
𝐿𝑇𝑖(𝑓(𝑡))𝐿𝑇 (𝐸𝛽 −

𝛼𝑡

(1−𝛼)
) 

=iiiiiiii
(𝑝𝐿𝑇𝑖(𝑓(𝑡)−𝑓(0))

𝑝+𝛼(1−𝑝)
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Similarlyi 

LTi[𝐷(𝛼+1)
𝑡𝑖𝑓(𝑡)]𝑖 =

1

(1−𝛼)
𝐿𝑇𝑖𝑖(𝑓𝑖𝑖̅̅ ̅̅ ̅(𝑡))𝑖𝐿𝑇(𝐸𝛽 −

𝛼𝑡

(1−𝛼)
𝑖)𝑖𝑖𝑖𝑖 

=iii
(𝑝2𝐿𝑇𝑖[𝑓(𝑡)]−𝑝𝑓(0)−𝑓′(0))

𝑝+𝛼(1−𝑝)
 

iFinally,i 

iiLT[𝐷(𝛼+𝑛)
𝑡𝑖𝑓(𝑡)] =

1

1−𝛼
𝑖𝐿𝑇[𝑓(𝑛+1)(𝑡)]𝐿𝑇 [𝐸𝛽 −

𝛼𝑡

(1−𝛼)
] 

=iii
𝑝𝑛+1𝐿𝑇𝑖[𝑓(𝑡)]−𝑝𝑛𝑓(0)−𝑝𝑛−1𝑓′(0)…𝑖𝑓(𝑛)(0)

𝑝+𝛼(1−𝑝)
 

7.4iFractionaligradientioperator 

Inithisisection,iweiintroduceiainewinotioniofifractionaligradientiableitoidesc

ribeinon-

localidependenceiiniconstitutiveiequationsi(seei[37]iandi[38]).iLetiusiconsid

eriaisetiΩi∈𝑅3iandiaiscalarifunctioniii 

u(·)i:iΩi→iR,iweidefineitheifractionaligradientiofiorderiαi∈i[0,1]iasifollows

ii 

∇(𝛼)𝑖𝑢(𝑥)= 𝑖𝑖
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦…iii(7.4.1 

iwithix,y∈ Ω 

Itiisisimpleitoiproveifromidefinitioni(4.1)iandibyitheipropertyi 
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lim
𝛼→1

𝛼

(1−𝛼)√𝜋𝛼
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
]i=i𝛿(𝑥 − 𝑦)iiithatiii 

∇(1)iu(x)i=i∇iu(x)iandi∇(0)iu(x)i=ii∫ ∇𝑢(𝑦)𝑑𝑦
.

Ω
 

So,iwheniαi=i1,i∇(1)u(x)ilosesitheinon-

locality,iotherwisei∇(0)u(x)iisirelateditoitheimeanivalueiofi∇u(y)ioniΩ.iInith

eicaseiofiaivectoriu(x),iweidefineitheifractionalitensoribyi 

∇(𝛼)u(x)=i
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇. 𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦…iii(7.4.2) 

Thus,iaimaterialiwithitheinon-

localipropertyimayibeidescribedibyifractionaliconstitutiveiequations.iAsiani

example,iweiconsiderianielasticinon-

localimaterial,idefinedibyitheifollowingiconstitutiveiequationibetweenitheist

ressitensoriTiandi∇(𝛼)u(x)Ti(x,it)i=iA∇(𝛼)ui(x,it)i,iαi∈i(0,1] 

whereiAiisiaifourthiorderisymmetricitensor,ioriinitheiintegraliform 

Ti(x,t)i=i
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦 

Likewise,iweiintroduceitheifractionalidivergence,idefinediforiaismoothi 

u(x):iΩi→𝑅3ibyi 

∇(𝛼)u(x)=i
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇. 𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦…iii(7.4.3) 

Theoremi2.iFromidefinitionsi(4.1)iandi(4.3),iweihaveiforianyiu(x):iΩi→iR,

isuchithat 

∇𝑢(𝑥). n|𝜗Ω = 0…iii(7.4.4) 

theifollowingiidentityi 

∇·i∇(𝛼)iu(x)i=i∇(𝛼)i·i∇u(x)iiiiiiii…iii(7.4.5) 

Proof.iEmployingi(7.4.1),iweiobtaini 

∇. ∇(𝛼)u(xi)i=i
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇𝑢(𝑦). ∇𝑥
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦 
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∇. ∇(𝛼)u(xi)i=ii−
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇𝑢(𝑦). ∇
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦…iii(7.4.6) 

=iii
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇. ∇𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦 −

𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇𝑢(𝑦). n
.

∂Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦 

hence,ifromitheiboundaryiconditioni(7.4.4),itheiidentityi(7.4.5)iisiproved,ibe

causei(7.4.6)icoincidesiwith∇(𝛼). ∇u(xi)i=i

𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇. ∇𝑢(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑖𝑑𝑦 

 

 

 

 

7.5iiiiiiiFourieritransformiofifractionaligradientiandidivergence 

Foriaismoothifunctioniu(x)i:𝑅3i→iRitheiFourieritransformi(FT)iofitheifracti

onaligradientiisidefinedibyiiFT(∇(𝛼)𝑢(𝑥))i(𝜉)i=i

∫ ∇(𝛼)𝑖𝑢(𝑥)
.

𝑅3 𝐸𝛽[−2𝜋𝑖𝜉. 𝑥] 𝑑𝑥 

Thus,iifiweiconsideritheigradientiofi(4.1),itheiFourieritransformiisigiveniby 

𝐹𝑇(∇(𝛼)𝑢)(𝜉)i=i
𝛼

(1−𝛼)√𝜋𝛼
𝑖𝐹𝑇 (∫ ∇𝑢(𝑦)

.

𝑅3 𝐸𝛽 [−
𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦) (𝜉) 

=i
𝛼

(1−𝛼)√𝜋𝛼
𝑖𝐹𝑇(∇𝑢)(𝜉)𝐹𝑇(𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑖)𝑖(𝜉)𝑖 

where 
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𝐹𝑇(𝐸𝛽 [−
𝛼2(𝑥 − 𝑦)2

(1 − 𝛼)2
] 𝑖)𝑖𝑖(𝜉) =

(1 − 𝛼)√𝜋

𝛼
𝐸𝛽 [

𝜋2(1 − 𝛼2)𝜉2

𝛼2
] 

Thus,iweiobtain: 

𝐹𝑇(∇(𝛼)𝑢)(𝜉)i=i√𝜋1−𝛼FT(∇u)(𝜉)𝐸𝛽 [−
𝜋2(1−𝛼2)𝜉2

𝛼2
] 

TheiFourieritransformiofifractionalidivergenceiisidefinedibyiiiiiiii 

𝐹𝑇(∇(𝛼)𝑢)(𝜉)i=i
𝛼

(1−𝛼)√𝜋𝛼
𝑖𝐹𝑇 (∫ ∇𝑢(𝑦)

.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦) (𝜉) 

fromiwhichiweihave 

𝐹𝑇(∇(𝛼)𝑢)(𝜉)i=i√𝜋1−𝛼FT(∇u)(𝜉)𝐸𝛽 [−
𝜋2(1−𝛼2)𝜉2

𝛼2
] 

i7.6iiiiFractionaliLaplacian:i 

Initheistudyiofipartialidifferentialiequations,ithereiisiaigreatiinterestiinifracti

onaliLaplacian.iUsingitheidefinitionsiofifractionaligradientiandidivergence,i

weicanisuggestitheirepresentationiofifractionaliLaplacianiforiaismoothifunct

ionif(x):iΩi→𝑅3i,isuchithati∇if(x)·in|𝜗Ω=i0,ias 

(∇2)(𝛼)fi(x)i=i
𝛼

(1−𝛼)√𝜋𝛼 ∫ ∇. ∇if(𝑦)
.

Ω
𝐸𝛽 [−

𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦 

ByiTheoremi2.1,iweihavei(∇2)(𝛼)ifi(x)i=i∇·i(∇)(𝛼)ifi(x)i=i(∇)(𝛼)·i∇fi(x) 

Now,iweisupposeithat 

f(x)i=i0i,ioni∂Ω 

theniweiextenditheifunctionif(x)i=i0ionii𝑅3\Ω.iSo,iweiconsideritheiFourierit

ransform 

iiFTi((∇2)(𝛼)fi(x))i=i
𝛼

(1−𝛼)√𝜋𝛼
𝑖𝐹𝑇 (∫ ∇2if(𝑦)

.

𝑅3 𝐸𝛽 [−
𝛼2(𝑥−𝑦)2

(1−𝛼)2
] 𝑑𝑦) (𝜉)…i(7.

6.1) 

=
𝛼

(1−𝛼)√𝜋𝛼
𝑖𝐹𝑇(∇. ∇𝑓(𝑥))(𝜉)𝐹𝑇 (𝐸𝛽 [−

𝛼2𝑥2

(1−𝛼)2
]) (𝜉) 
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=i4𝜋|𝜉|2𝐹𝑇(𝑓(𝑥))(𝜉)√𝜋1−𝛼𝐸𝛽 [−
(1−𝛼)2𝜉2

𝛼2
] 

Finally,iifi𝛼 = 1iiweiobtainifromii(6.1)iiiiiii 

iFTi(∇2𝑓(𝑥))i=i−lim
𝛼→1
𝑘→1

4𝜋|𝜉|2𝐹𝑇(𝑓(𝑥)) (𝜉)√𝜋1−𝛼𝑖𝐸𝛽 [−
(1−𝛼)2𝜉2

𝛼2
] 

=i−𝑖4𝜋|𝜉|2𝐿𝑇(𝑓(𝑥))(𝜉). 

 

Conclusion: 
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